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Abstract. We provide the spectral expansion in a weighted Hilbert space of a substantial 
class of invariant non-self-adjoint and non-local Markov operators which appear in limit theo¬ 
rems for positive-valued Markov processes. We show that this class is in bijection with a subset 
of negative definite functions and we name it the class of generalized Laguerre semigroups. Our 
approach, which goes beyond the framework of perturbation theory, is based on an in-depth 
and original analysis of an intertwining relation that we establish between this class and a 
self-adjoint Markov semigroup, whose spectral expansion is expressed in terms of the classical 
Laguerre polynomials. As a by-product, we derive smoothness properties for the solution to 
the associated Cauchy problem as well as for the heat kernel. Our methodology also reveals 
a variety of possible decays, including the hypocoercivity type phenomena, for the speed of 
convergence to equilibrium for this class and enables us to provide an interpretation of these 
in terms of the rate of growth of the weighted Hilbert space norms of the spectral projections. 
Depending on the analytic properties of the aforementioned negative definite functions, we are 
led to implement several strategies, which require new developments in a variety of contexts, 
to derive precise upper bounds for these norms. 
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1. Introduction and main results 


The importance of the spectral reduction of linear operators cannot be overemphasized as it is 
amply demonstrated by its diverse applications to far reaching fields of mathematics such as 
functional analysis, dynamical systems, topological groups, differential geometry, probability 
theory, harmonic and complex analysis and boundary value problems. Beyond the theoretical 
interests, these developments have proved to be fruitful in solving problems in the theory of 
infinite dimensional systems, in theoretical and experimental physics, economics, statistics and 
many other fields of applied mathematics. 

Spectral theory at its best can be seen when one considers normal operators in Hilbert spaces. 
Although the class of non-self-adjoint (NSA) and non-local operators is central and generic 
in the study of linear operators, its spectral analysis is fragmentarily understood due to the 
fundamental technical difficulties arising when the properties of symmetry and locality are 
simultaneously relaxed. We refer the interested reader to the classical monographs [l9] and 
m and survey papers [H] and [36], [93] for a thorough and yet up-to-date account on the 
spectral reduction of (NSA) linear operators. 

The main purpose of this work is to design an original and comprehensive theory to 

1) provide the spectral representation in a weighted Hilbert space of the solution to the Cauchy 
problem associated to a class of NSA and non-local linear operators, which are central in 
the theory of Markov processes, 

2) derive an eigenvalues representation of the heat kernel, i.e. the transition kernel of the 
underlying Markov process, 

3) study the smoothness properties of the solution to the Cauchy problem and of the heat 
kernel, 

4) obtain the speed of convergence to equilibrium, 

5) develop a detailed analysis of the nature of the spectrum of this class of NSA and non-local 
operators. 

Our approach is based on an in-depth study of an intertwining relation that we elaborate 
between the class of NSA and non-local operators and a specific self-adjoint differential operator 
whose spectral resolution is well understood. We already point out that it is flexible enough 
to study the substantial problems listed above in a unified way. We also believe that it is 
comprehensive and could be used to deal with the spectral expansion of different type of NSA 
operators. For these reasons, a synthetic description of the methodology will be detailed in 
Chapter O These semigroups are defined below, where in the sequel Co(M_|_) (resp. Co(K+)) 
stands for the space of continuous functions on M_|_ = [0, oo) (resp. M+ = (0, oo)) both vanishing 
at infinity and endowed with the uniform topology and (A) stands for the class of infinitely 
differentiable functions with compact support on A C M. 

Definition 1.1. We say that a semigroup P = {Pt)t>o is a generalized Lagnerre semigroup 
(for short gL semigroup) of order H > 0 if 
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1. P is a Feller semigroup on Co(M_|_), i.e. for all f > 0 and / € Co(K+) it holds that Ptf G 
Co(K+), Ptf > 0 whenever / > 0, and, lim4o Ptf{x) = f{x), Vx > 0. 

2. The family of operators {Kt)t>o defined, for any t > 0, via 

Ktf = -Pln(t+l)d(t+i)ff/, 

with dcf{x) = f{cx), defines a Feller semigroup on Co(K_|_), which possesses the P-self- 
similarity property, i.e. the following relation holds, for all t,x,c > 0, 

(1.1) Ktf{cx) = K^-HtdJix). 

3. There exists a non-degenerate probability measure on R+ such that we have, for any t >0, 

(1.2) mf = ^/, 

where here and in the sequel f{x)i}{dx). 

4. For any x G M_|_, there exists a positive measure Il{x,dy), such that for any / with support 

included in M+ \ {x} and / G C~(M+ \ {x}), \Ptf{x) = f{y)Il{x,dy) and 

n(x, (x, oo)) = 0. 

We say that a process X = {Xt)t>o defined on a filtered probability space (fl, P, (Pt)t>o, P) 
is a generalized Laguerre process (for short gLp) if the family of linear operators P = {Pt)t>o 
defined, for any t > 0 and / G Co(M+), by 

Ptf{x) = E, [f{Xt)] 

is a gL semigroup, where E^, stands for the expectation operator associated to Pa;(Po = x) = 1. 

Remark 1.2. Since there is no loss of generality considering only gL semigroups of order 1, we 
will assume from now on that H = 1. Indeed, note that if P is a gL semigroup of order P > 0 
then, since ph{x) = x^ is a homeomorphism of M+ to M+, then Ktf{x) = Ktf o pnixn) is 
1-self-similar Feller semigroup on Co(M+) and Ptf{x) = Ptf ° Ph{xh) is a gL semigroup of 
order precisely 1. 

Remark 1.3. The terminology generalized Laguerre semigroup is motivated by the well-known 
case when the invariant measure 'd{dx) = £m{x)dx = ^f^_^^-^ e~^dx, x > 0, is the probability 
measure of a Gamma random variable of parameter m -|- 1 > 1. Then, there exists a family of 
semigroups P, indexed by m, satisfying the conditions of Definition II.II above and each of which 
admits an eigenvalues expansion for its action on L^(em) expressed in terms of the Laguerre 
polynomials of order m, which form an orthogonal basis in the Hilbert space L^(em)j see 
Chapter [3l In this case, P is self-adjoint in L^(em), and we shall see that it is the only instance 
among the class of gL semigroups to be self-adjoint, see Theorem 17.31)41) . which disproves the 
orthogonality of the eigenfunctions of these groups apart from the classical Laguerre case. 

Remark 1.4. Let us now indicate that the requirement n(x, (x,oo)) = 0 in condition HI which 
has a nice pathwise interpretation as the imposition upon the corresponding generalized La¬ 
guerre process to have downward jumps only, is purely technical in the sense that one may 
define this class without this assumption. We choose to restrict our analysis to this situation 
since it requires already some substantial new developments which deserve to be detailed in 
one (long) paper and we postpone to a future paper the study of the general case. However, we 
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emphasize that apart from some technical issues specific to the general framework, the main 
concepts, theories and methodologies needed to develop its spectral reduction are contained 
in this work. Indeed, from an operator viewpoint, the main mathematical difficulties stem 
from the non-self-adjointness combined with the non-local properties of the generators of these 
Markov processes and not necessarily on the support of the Levy kernel, that is 11 (x,.), see |82j 
for the spectral expansion of two-sided self-similar Feller semigroups. As another illustration 
of this fact, one may extract from our main results Theorem 11.111 the spectral expansion of 
the semigroups constructed from the gL ones by performing a subordination in the sense of 
Bochner, which gives a class of non-self-adjoint semigroups whose associated Markov process 
may have jumps in both directions. 

Beyond the theoretical interests of studying a class of NS A semigroups, there are several mo¬ 
tivations underlying the investigation of this specific class of semigroups. 

Remark 1.5. On the one hand, the gL semigroups play a substantial role in probability theory. 
Indeed, from the celebrated transformation due to Lamperti [62], which provides a bijection be¬ 
tween stationary processes and self-similar stochastic processes, one can easily observe that the 
class of gL semigroups we have introduced above corresponds to the class of positive station¬ 
ary Markov processes whose Lamperti transformation, see leaves invariant the Markov 

property, that is the associated self-similar process remains a (homogeneous) Markov. The 
generalized Laguerre processes are intimately connected to the so-called generalized Ornstein- 
Uhlenbeck processes which have been introduced by Carmona et al. [23]. Moreover, the afore¬ 
mentioned class of self-similar semigroups, whose heat kernel can easily be expressed in terms of 
the one of the associated gL semigroup via dni), appears naturally in limit theorems of Markov 
processes and have been intensively studied over the last two decades, see e.g. [63], [M], m, 
m, m. m and [39|. They also correspond to the class of positive Markov processes whose 
transition kernel satisfies a scale invariance property similar to the classical Gaussian heat ker¬ 
nel whose index of self-similarity is H = 2. It is (one of) the aim of this work to make available 
additional explicit representations of Markov transition kernels satisfying this scale invariance 
property which has been observed in many physical phenomena. 

We also emphasize that the class generators of the gL semigroups, see (|1.6I) below, encompasses 
a variety of substantial integro-differential operators such as the classical fractional derivatives, 
delay differential-operator of pantograph-type, differential Bessel operators perturbated by non¬ 
local operators, see e.g. m, 0 and [32|, and, we refer to Chapter [3| for the description of some 
specific instances. Several classes of gL Markov processes have found applications in many 
fields of sciences, such as neurology, data transmission, economy, biology, epidemiology, see 
e.g. US], [105], m, [66] and the references therein. 

1.1. Characterization and properties of gL semigroups. We shall provide a character¬ 
ization of the class of gL semigroups in terms of their infinitesimal generators. To this end, 
let us introduce the function : iW C, which is defined, for any z E iR, by the following 
relation 

/•OO 

ip{z) = + mz + / — 1 -|-zy) n(d?/), 

Jo 
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(1.3) 








where a > 0, m > 0 and 11 is a a-finite positive measure concentrated on (0, oo) and satis¬ 
fying the integrability condition A y) Il{dy) < oo. Note that the characteristic triplet 

{a, m, n) uniquely defines the function ip. 

We introduce the set 

(1.4) J\f = {ijj oi the form (fO])}- 

W is a subset of the negative dehnite functions or equivalently is a subset of the set of charac¬ 
teristic exponents of inhnitely divisible distributions on M, see e.g. |58] for more details about 
Fourier transforms of inhnitely divisible distributions. The class of inhnitely divisible distribu¬ 
tions in turn is the building block of Levy processes via the fact that {P,t)t>o is a Levy process 
if and only if is inhnitely divisible, see e.g. m Chap. I] or for our specihc case the discussion 
succeeding Theorem 11.61 below. We also write throughout 

poo _ poo 

(1.5) n(y) = / n(dr) and n(y) = / Il{r)dr 

Jy dy 

for the tails of the measure IT which due to the link to Levy processes is usually called the Levy 
measure. We say that / E C^([—oo,oo]) if and only if are continuous on (— 00 , 00 ) 

and have hnite limits at ± 00 . We are now ready to state our hrst result which provides a 
characterization of our class of generalized Laguerre semigroups of order 1, see Remark 11.21 
together with some of their basic properties. 

Theorem 1.6. (1) There exists a bijection between the class of generalized Laguerre semi¬ 

groups and the subspaee of negative definite functions JV. More specifically, for each 
Ip € M, the associated gL semigroup P = {Pt)t>o is characterized by its infinitesimal 
generator G which admits, at least, for any function f E Pg = {f',x i-A /e(x) = 
/(e^) E ([— 00 , 00 ])}, the representation 

Gf{x) = a‘^xf"{x) -|- (m -|- — x) f'{x) 

poo 

(1.6) + {f{e~yx) - f{x)+ yxf'{x))U{x,dy), 

Jo 

where Ii{x,dy) = and (ct, m, IT) is the characteristic triplet of ip. 

(2) For each ip E W, P admits a unique invariant measure which is an absolutely continuous 
probability measure with a density denoted by u. Moreover, v has support on (0, r) and 
it is positive on this domain, where r = lim^j^oo = f>{oo), see (II.9p below for the 
justification of the notation, that is 

(1.7) r = 00 i/cj^ > 0, and, 0 < r = n(0’'') -|- m < 00 otherwise. 


(3) P can be extended uniquely to a strongly continuous contraction semigroup, still denoted 
by P, on the weighted Hilbert space 


L^(i/) = |/ : (0,r) M measurable; 


f f'^{x)v{x)dx < 00 }, 

Jo 


endowed with the norm ||.||l2(j/) = IMU inner product {.,.)u- The algebra of poly¬ 
nomials, P, is a core for its infinitesimal generator. 
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(4) It admits a conservative standard Markov process on (0,r), see e.g. [T9l Definition 
(9.2), p.45] for definition, as a (weak) dual with the measure n{x)dx serving as reference 
measure. The corresponding semigroup P* = {Pf)t>o is Feller-Dynkin, i.e. PfCb{0,x) C 
Cb(0,r), where 0^(0, r) is the space of continuous and bounded functions (0,r), when 
m > 0, and, x = oo or when > 1 where, when x < oo, is defined by 


( 1 . 8 ) 


N. 


' n(o+) ' 

r 


1 G [0, oo] 


with ]"•] the ceiling function, i.e. it evaluates the smallest integer greater or equal to a 
positive real and we use the convention that = oo when n(0''') = oo. Moreover P* 
admits a contraction semigroup extension in satisfying, for any f,g& 


{Ptf,g)u = {f,Pt*9)u 


(5) Moreover, for any > 2, the infinitesimal generator G* of the (Feller-Dynkin) semi¬ 
group P* takes the form, for at least any function f such that fu G T>g, x G (0, r), 
and, writing f{x,y) = f{e~yx) - f{x) + yxf'{x), 

G*f{x) = a‘^xf"{x)+(d{x)+x(^2’^^^ + l^'^ f'{x) +f{x,y)Ul{x,dy) 
where d{x) = - m - (l - xylPfix, dy) and 


Kix, dy) 


^{e ^x) 
xv{x) 


U{dy). 


(6) //n = 0, then P is self-adjoint in Otherwise, P is non-self-adjoint, i.e. P P*. 


The proof of the item o is given in Seetion Ig.gl The existence and the absolute continuity 
property of the invariant measure in item m along with the continuous extension of P in item 
(|3|) are justified in Section\2f^ The support and positivity properties of u stated in item ([2]) are 
derived in Section I5.g.,'?l and are part of Theorem I5.gl whereas the expression of x is justified 
in Proposition |.^. jp]) and the proof of the uniqueness of the invariant measure is postponed to 
Section \7m The fact that the algebra P is a core follows directly from Theorem \ 7. 3|fT]l and (j^. 
Finally, the remaining statements are proved in Seetion [M 

Remark 1.7. Note that the bijection stated in ([1]) finds its root in a remarkable work from 
Lamperti |63] which establishes a bijection between the class of positive self-similar Markov 
processes and the class of Levy processes. 

Remark 1.8. We also point out that further fine distributional properties, including smoothness 
and small and large asymptotic behaviour, of the invariant density v are stated in Chapter [5l 


1.2. Definition and properties of subsets of Af. Our main results below regarding the 
spectral decomposition, regularity and speed of convergence for the gL semigroups are expressed 
in terms of some subsets of negative definite functions that we define and study here. To this 
end, we first point out that the set Af is also in bijection with the set of spectrally negative 
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Levy processes, i.e. processes that can jump downwards only, which have a non-negative mean, 
via the relation 


logE 



z G zM, 


with ^ = (6)i>o ^ Levy process, see [ini Chap. I]. We note that E [^i] = = m >0. We 

call ^ the Levy process underlying the semigroup P or alternatively the Levy process associated 
to ijj. It is a common fact that any 'ip G J\f has the Wiener-Hopf factorization given by 


(1.9) u € M+, 
where, with n(y) = J’^°°n(dr), see (jl.5[) . for any u G M+, 

poo 

(1.10) (p{u) = m + a'^u + / (l — n(?/)(iy. 

Jo 

The function (p, which is a Bernstein function, is the Laplace exponent of the so-called descend¬ 
ing ladder height process of say r] = {rjt)t>o, that is, for any u G M_|_, 

(1.11) InE = -(p{u). 

Note that r/ is a possibly killed subordinator (non-decreasing Levy process) and we refer to [TOl 
Chap. VII] for more detail on spectrally negative Levy processes including their Wiener-Hopf 
factorization. We point out that rj is killed if and only if m > 0 as then (p(0) > 0. Denote 
by 


( 1 . 12 ) 


Bp = {4> is of the form dl.lOp }. 


that is the convex sub-cone of the set of Bernstein functions which is in bijection with the 
set M via the identity (|1.9p . Next, for any cp G we introduce the multiplicative Markov 
operator defined, for at least any / G Co(E+), by 

(1.13) l4,fix) = E[fixI^)], 


where I,j) is the positive random variable 


(1.14) 4 

Write 94 = {(Q!,m); a G (0,1] and m > 1 
the function 



L|. Then, for any (a,m) G 94 we dehne for u > 0 


(1.15) 



r(Q;tt -|- am -|- 1) 
T{au + am -|- 1 — a) ’ 


and we simply write (p^{u) = (p^^{u) = u-|-m. We recall from [5D], see also Lemma [TH] below, 
that (para^ Bj\f. We say that a function / is completely monotone if / : M+ —>■ [0, oo) G C°°(M+) 
and (—1 )"/^”^(m) > 0, for all n = 0,1,... and u > 0. The space C°°(M_|_) consists of all inhnitely 
differentiable functions on M_|_. 


We are now ready to introduce in Table [U and Table [2] some substantial subclasses of M and 
refer to Section [L2] for more detailed information regarding these objects. 

Although for most of the subsets of AA, such as A^oo, A/]^, A/p, their definitions are given directly 
in terms of the triplet (cr, m, H), the other classes, i.e. Ma, A/e and A/p, are rather characterized 
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cj2 n(o+) n(o+) 


Mp 

> 0 

^ X) 

> 0 

0 = oo 

M^ 

oo 

0 < oo < oo 


Table 1. Definition 
of some classes in 
terms of the charac¬ 
teristic triplet. 


Ms 

0,= lim/rin(^^)dy>0 

b^oo ^ ' 

Ma 

Ipiu) ~ C'aU"+^ ,Ca > 0, a G (0,1) 

•^a^xn 

u i-A is completely monotone 

Mr 



Table 2. Definition of 
other classes in terms of 
Ipiu) = U(p{u). 


through specific properties of the (associated ladder height) Laplace exponent (j)- The aim of 
the next result is to provide for these latter subclasses sufficient conditions expressed in terms 
of (cj, m, n) that allow to identify them. 


Theorem 1.9. 


(1) If 'ip £ Me then r = 4>{oo) = oo. Moreover, we have that 


Mg = < Ip £ M; M > 0 or lim 


Elil 

Ipiu) 


>t)\<£Me, 


where if = 0 we have the following equivalent criterion in terms of the characteristic 
triplet 


(1.16) 


n(-) 

lim —^ > 0 


^p{u) 


lim — 


(y) 


> 0 . 


-0.-1 


y^o n(r)dr -|- my 

(2) We also have 

(1.17) fjeMa ^ n(y) ^ r(a + l)C«y-“ ^ n(y) ^ r(a)C„y 

where we recall that Cq, > 0. 

(3) (a) Mp C 1 ) U Ma,m- 

— a 

(b) Let us write for (a, m) G 91 = { {a, m); a G (0,1] and m > 1 — 

Uc.,m{y) = f(^Vl)"~"“" , y > 0, 

tUq = (am -|-1 — a)/a>0. Then, if 'ip £ M \ Mp with 


sup inf ^ 


n(y) -I- m 


+ 


Ua,miy) 


< 1 


y>o ^e(o,i) \^n((l — A)y) + m Uot,xa{Ay) J 

for some a G (0,1), m > 1 — then xp £ Ma,m.- 

(c) For any (a, m) G 91, Ma,m C Ms with when ip £ Ma,m, < 0^ < 
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The proofs of the first item © are given in Section \67^ The second one follows from augmenta¬ 
tion of the classical estimate stated in Proposition \4- 1\ © to ipiu) = u4>{u) ~ Jg“ Ii{ii)dy+mu 
in the regularly varying case, combined with a standard Tauberian theorem, i.e. ^-^dr ~ 
l{y)y°‘~^, and the monotone density theorem. Items ([3a|) and (pb|) are proved in Section 
whereas item (|3^ is part of the claim of Lemma I j 0.51 

Remark 1.10. Note that, in fact, under the conditions of the item (I3bp we shall prove that the 
mapping \ £ 13, see (|4.ip for the definition of general Bernstein functions, 

which is thanks to Proposition Id.llHp . a stronger statement than the requirement that u e->■ 
^ is completely monotone. 

1.3. Eigenvalue expansion and regularity of the gL semigroups. In order to state the 
next result regarding the spectral expansion and the regularity of the gL semigroups, we now 
introduce the following set which is the union of five sets of the form, for some linear space 
L C I?(y), set MTj\f and some T > 0 which may depend on ^ G M, 

P^(L) = {(V-,/, t); V’G € L, t > T = T(V’) > 0} 

which shall serve as the domains of the spectral operator 

where, for any fixed a G (0,1) and any fixed 7 > a + 1, we set 

P«(a^) = andI7.^(x) = max ^{x),e~^^'^ ,x > 0, 

and, 

= -Insin©^, = -Insin = max 1 + = -ln( 2 "-l), 

where, for each G Mr, a = sup |0<Q;<l;3m>^ — 1 and G and pa is the largest 

solution to the equation (1 — /?)“ cos ^ arcsm(p) ^ _ 1 ^ mention that the notions introduced 

above and the ones entering in the next claim are reviewed and discussed at length in Chapters 
mandO It is also part of the ensuing statements that all functions are well defined. Next, we 
set, VL^(l) = 1 and, for n G N, 

n 

(1.18) W^{n + l) = \{4>{k), 

k=l 

and recall that r = 00 if > 0, and, 0 < r = n(0''') + m < 00 otherwise, and. Nr = 

— 1 G [0, 00 ] is the index of smoothness. Finally, we set the quantity 

(1.19) dfp = sup{rt < 0; 4>{u) = —00 or = 0} 

and note that if 0(0) = 0 then necessarily d^p = 0 and always dp, G (—oo,0], see Proposition 

14.1113]) for a justification. We are now ready to state the main result of this work. 
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Theorem 1.11. Let G M. Then, € B(L^(e),L^(i/)), where e{x) = eo(x) = e ^,x > 0 (eq 
is defined in Remark \1.3\) . and X^ has a dense range, i.e. Ran(X 0 ) = L^(z^). 

(1) For any {ip,f,t) GPU P^°°(Ran(X 0 )), the following holds. 

(a) We have 


( 1 . 20 ) 


( 1 . 21 ) 


( 1 . 22 ) 


= tnL 

n=0 

where, for all n > 0 , 

n 

'Pnix) = ^(- 1 ) 

and. 


® J . , 2 


fc =0 


W^k + l) 


x^ G L\u), 


Vnix) = 


n^^^v{x) _ 1 (x"l^(x))(") .^2 


^{x) n! i/(x) 


GL^(i^). 


(h) If in addition n(0''') < oo, i.e. r < oo, then, for any f G Ran(X<^), {t,x) 
Ptf{x) G C°° ((^r)? with = { {t, x) G x < rt}. 

(c) Otherwise, {t,x) i-)- Ptf{x) G C°° ((T, oo) x M+) 

(d) In both cases, for any non-negative integers k andp, we have 

jfe °° 

(1.23) 

n=p 

where the series converges locally uniformly in (t, x) on the sets specified in (HE]) 
and (fTcD . 

(2) If Ip ^ then, we have for any f G Ran(X0), {t,x) i-)- Ptf{x) G C°° (£r)- Moreover, 

we have, i/ > 0 (resp. > 1 that for any 0 < n < (resp. n > ) 

Vn G L^(i^) {resp. fz L^(z^)), 

and, regardless of the value of Nj, for any f G Ran(X0) and t > 0 , 

CXD 

(1.24) Ptf = Y.e-^\xlf,Cn)ePn inh\iy), 

n=0 

where is the pseudo-inverse ofX^, see [T] p.234] for definition. 

(3) The heat kernel. Let fi G AA© (resp. p) G IPr). Then, for all t > T©^ = — Insin©^ 
(resp. t > T = Ta A Te^) the heat kernel is absolutely continuous with a density 
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(1.25) 


{t, X, y) !-)• Pt{x, y) E C°° ^( Te^ , oo) x (resp. C°° ((T, oo) x ) and, for any non¬ 
negative integers k,p,q, 


n=p 


where the series is locally uniformly convergent in {t, x, y) E (T©^, oo) xM^ (resp. (T, oo) x 
). If in addition v ^ A (f), that is v is analytical on C = {z E C; | arg z\ < ^}, 
then the expansion ()1.25j) is locally uniformly convergent even on t > 0. In particular, 

in r(fc+i) 

this is the case when if E A/p or lim„^oo- 


2-v/n 


= —oo. 


This Theorem is proved in Chanter \12[ 

Remark 1.12. This main result suggests some interesting and substantial differences between 
the spectral expansion of NSA and self-adjoint operators. The phenomenon that, for some 
classes, the expansion in the full Hilbert space holds only for t bigger than a constant has been 
observed in the framework of Schrodinger operator, see [35], and is natural for non-normal 
operators. Indeed, in such a case, the spectral projections 

(1.26) Pn/ = (/,Vn).iPn 

are not uniformly bounded as a sequence of operators. The projections are not orthogonal 
anymore and the sequence of eigenfunctions does not form a Riesz basis of the Hilbert space, 
see m for definition and also the subsection [Q below. When compared to the spectral 
resolution of compact self-adjoint operators whose set of eigenfunctions forms an orthonormal 
basis of the Hilbert space, our study reveals that this requirement on the invariant subspace 
is, in general, too stringent. Indeed, even the range of the non-self adjoint operator, which 
is a linear subspace of the Hilbert space, can not be expanded into the invariant subspaces. 
These facts illustrate fundamental differences with the spectral reduction of self-adjoint Markov 
semigroups. 

Remark 1.13. In line with the previous remark, it is worth pointing out that the smoothness of 
the density of the heat kernel (or of Ptf, the solution to the associated Cauchy problem) remains 
the same for all t bigger than a constant. This fact may reveal that the eigenvalues expansion of 
the type (|1.25p may be uniformly convergent only after the threshold time when the smoothness 
is established. Indeed, there are interesting and various examples of transition densities of 
Markov processes (with jumps) which are continuous of order c{t) for some increasing functions 
c, see e.g. [Hj. 

Remark 1.14. It is quite remarkable that our analysis allows to provide necessary and sufficient 
conditions for the existence of a sequence of co-eigenfunctions (at least for any if E Moo), 
a fact which requires not only smoothness properties of the invariant density but also very 
precise information about its small and large asymptotic behaviour along with its successive 
derivatives. Indeed, it is always difficult for non-local operators whose Levy kernels span the 
whole set of Levy measures to extract asymptotic properties beyond the classical regularly 
varying framework, or, the so-called stable-like case. We also indicate that the condition 
"0 E Moo has a nice path interpretation since it means that the associated generalized Laguerre 
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process has paths either of infinite variation when cr > 0 or n( 0 '’') = oo, or, when u = 0 , of 
infinite activity in the sense that there are infinitely many jumps in any compact time interval. 

Remark 1.15. We mention that the fascinating and powerful techniques, such as Malliavin 
calculus, Hormander analysis and PIDE techniques, see e.g. m, [HD, m and [23], that have 
proved successful for studying the smoothness properties of the transition kernel of diffusions 
semigroups or some Levy type semigroups, are not general enough to be applied in our context. 
This is due to either a lack of symmetry and/or non-homogeneity of the Levy kernel, or, 
unboundness of the drift coefficient, or, the possible absence of diffusion part, or, simply the 
non-local feature of the generators. Our main results reveal that, in the context of non-local 
Markov semigroups, the spectral expansion is a more flexible approach to derive these delicate 
regularity properties. Of course, our approach goes much beyond this issue as we also manage 
to obtain, for / in some various linear spaces, the smoothness of Ptf, that is the solution to the 
Cauchy problem. It would be interesting to characterize for each operator what is the maximal 
domain for which the stated regularity properties hold. 

Remark 1.16. We also observe from the space-time relationship between the self-similar semi¬ 
group and the gL semigroup given in ([2|) of Definition 11.11 that, under the condition 

of the item (l3|) above, K has an absolutely continuous (smooth) kernel, Kt{x,y), given by 

Kt{x, y) = ^(1 + t)-^~^Vn{x)Vn ^ (t^) 

where the series is locally uniformly convergent in (t, x, y) E (e^ — 1, oo) x where T is either 
Te^ or T. 

The next result furnishes expansions for the adjoint semi-group P*. 

Theorem 1.17. (1) If i/r ^ Me (reap, ip E Mr), then for all t > Te^ = — In (sin (0^)) 

(reap, t > T = A Te^) any g E 

OO 

(1-27) Pfg{y) = ( 5 , K), V.(y), 

where the aeriea convergea locally uniformly in y > 0. 

(2) If Ip G Mp with 0 < n(0''“) < 00 , then for all g E L^(zz) and t > 0 (jl.27p holda in L^(i/). 

Thia Theorem ia proved in Chapter \ IB. 

1.4. Convergence to equilibrium. There is a substantial and fascinating literature devoted 
to the study of the convergence to equilibrium of semigroups associated mainly to differential 
operators. In this framework, this problem has been investigated a lot under various coer¬ 
cive assumptions on the generator, such as spectral gap or logarithmic Sobolev inequalities, 
especially in the self-adjoint framework, see |3| and the references therein. In this direction, 
we mention that recently Miclo [69| has shown that a self-adjoint ergodic and hyperbounded 
Markov operator admits a spectral gap. Nevertheless, some recent works have identified as¬ 
ymptotic exponential convergence to equilibrium with bounds of the form m e~’^^, m, c > 0 and 
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t > 0, when the generator satisfies some hypoelliptic type conditions. This phenomenon has 
been called hypocoercivity in Villani [lOOj . and, has recently attracted more and more atten¬ 
tion, see e.g. Desvillettes and Villani m, Eckmann and Hairer Gadat and Miclo [53] . 
Baudoin [ 6 ] and Dolbeaut et al. [33|. Note that in this literature the constants above are not 
necessarily optimal and are in general difficult to identify. At this stage, it is worth pointing 
out that among the different rates of convergence that we obtain for the entire class of gL semi¬ 
groups, we also observe, see (|1.28l) below, for the (small) perturbation class the aforementioned 
hypocoercivity behaviour and the spectral decomposition enables us to explain it in terms of 
the spectral gap and projection norms which is a natural extension to the classical spectral 
gap observed in the self-adjoint case. We refer to the remarks following the next statement for 
further discussion on this and on other identified rates. 


Theorem 1.18. (1) Let ip E J\f. Then, for any f E LlaniX^) C L^(z/), we have for any 

t > 0, 

\\Ptf-yf\l < C^j{f^)e-^\\f-vf\l, 

where, writing f = C'fj(V’) = > 1 with W^^fW- 


= sup 
/eL2(£),/^o 


(2) For any {fj, /, t) E V, there exist Cl > 0 and an integer fc > 0 such that for any t > T, 


\Ptf-iyf\l < Cl2 -^' 


1 


g2(t T) — ^ 


(fc) 


where 


|l stands for the Hilbert space norm ofL = L^(pq,) if ('tp,f,t) E V^— (L^(pq,)) 


or of L = if (ip, /, t) E or of h = L^(z/) otherwise. When ip E Mr 

then k = 0 and L = 

(3) Finally, let ip E A/p. Then, for any e > 0, there exists > 0 such that for any 
f E L^(p) and t > e > 0, we have that 

\\Ptf-vf\l < -^^=\\f-vf\\,. 

Moreover, if 0 < n(0+) < oo, then m = ^ > d+ = —(d,/, -|- e)I{-d,^>o} > 0 for 


(1.28) 


some e > 0, and, for any t > 0 and any f E L^(p), the following bound 

\\Ptf-M\l < 


111 + 1 


dr +1 


- ’^fWi 


which holds with > 1 + 

Remark 1.19. At this stage, it is worth pointing out that we also observe in (|1.28p . for the 
(small) perturbation class the aforementioned hypocoercivity behaviour. The intertwining 
approach that we develop enables us to characterize and interpret the role played by the two 
constants: the rate of decay corresponds to the second largest eigenvalue, as in the classical 
self-adjoint setting, whereas the second constant interpreted as a measure of 

the quality of the decomposition of the Hilbert space in terms of the (co-)invariant subspaces 
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naturally corresponding to the (co-)eigenfunctions. A particular justification for this is the 
estimate of the norm of the spectral projections as defined in (jl.26p . whose growth is in fact 
bounded by the order of the norms of the eigenfunctions and co-eigenfunctions, that is by 

ll^nlli/llVnlliy = O (^^). The rate of growth of these norms seems to measure the departure 
from the classical orthonormal basis. 

Remark 1.20. In the general perturbation case, see Theorem ll.lll([ 3]), the quality of the decom¬ 
position worsens and non-classical bounds on the speed of convergence to equilibrium of the 
type t > e > 0, appear, for some constant > 0 which could be computed 

from Chapter 1101 and the proof of |80[ Proposition 2.3]. 

Remark 1.21. Our results reveal additional interesting phenomena for this rate of conver¬ 
gence to equilibrium. Indeed, we identify more complex structure which involves different 
non-equivalent topologies. The estimate in Theorem ll.lllfT]) offers a classical spectral gap 
estimate but for functions in the range of the intertwining operator and against the topol¬ 
ogy of the reference self-adjoint semigroup which is not equivalent to the topology of 
whereas item ([2|), when the quality of the decomposition of the Hilbert space improves, shows 
> 0,t > T, speed of convergence against specific topologies. Thus, a 
general conclusion could be drawn to the effect that eventually the quality of decomposition 
of the Hilbert space is lost (item ([2]) and ([3])), where this quality is measured by the rate of 
growth of the norms of the co-eigenfunctions, see (jlO.ljl . which shows slowest growth in the 
perturbation scenario and, (19.5|) and (lin.3|) . which reveal faster growth when we are strictly 
beyond perturbation. In turn we observe that in the latter scenario we notice that the speed of 
growth increases whenever the rate of convergence to infinity for small y of the tail of the Levy 
measure n(y) = n(cir), slows down. We emphasize that, regardless of the latter, item ([T]) 
guarantees a classical speed of convergence against the topology of the self-adjoint semigroup. 

1.5. Hilbert sequences and spectrum. We now present some substantial properties of the 
set of (co)-eigenfunctions and study in details the spectrum of the gL semigroups. This will 
follow from some general ideas, discussed in Chapter cn that establish new and interesting 
connections between three different concepts: intertwining relation, Hilbert sequences arising 
in non-harmonic analysis and spectrum of non self-adjoint operators. 

We start by introducing some definitions related to Hilbert sequences which can be found in 
the monographs of Young |104l Chap. Ij. Two sequences {Pn)n>o and {Vn)n>o are said to be 
biorthogonal in L^(i/) if for any n,m G N, 

(1.29) {Pn,Vm), = Snm. 

Moreover, a sequence that admits a biorthogonal sequence will be called minimal and a se¬ 
quence that is both minimal and complete, in the sense that its linear span is dense in L^(z/), 
will be called exact. It is easy to show that a sequence {Pn)n>o is minimal if and only if none of 
its elements can be approximated by linear combinations of the others. If this is the case, then 
a biorthogonal sequence will be uniquely determined if and only if {Pn)n>o is complete. 

Next, we present some basic notions related to the concept of frames in Hilbert spaces. We 
point out that this generalization of orthogonal sequences has been introduced by Duffin and 
Schaeffer [U] in 1952 to study some deep problems in non-harmonic Fourier series and after 
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the fundamental paper [M] by Daubechies, Grossman and Meyer, frame theory began to be 
widely used, particularly in the more specialized context of wavelet frames and Gabor frames. 
A recent and thorough account on these Hilbert space sequences can be found in the book of 
Ghristensen m- 

A sequence {Pn)n>o in the Hilbert space L^(z^) is a frame if there exist A, B > 0 such that the 
frame inequalities 

CO 

(1-30) A\\f\\l<J2\if,PnU‘^<B\\f\\l 

n=0 

hold, for all / G L^(z^). If only the upper bound exists, {Pn)n>o is called a Bessel sequence. A 
frame sequence is always complete in the Hilbert space and when it is minimal, it is called a 
Riesz sequence. The latter are very useful objects as they share substantial properties with or¬ 
thonormal sequences. Indeed, a Riesz sequence always admits a unique biorthogonal sequence 
{Vn)n>o which is also a Riesz sequence and both together form the so-called Riesz basis. More¬ 
over, the expansion in terms of the Riesz basis of any element of the Hilbert space is unique 
and convergent in the topology of the norm. When {Pn)n>o is a Bessel sequence, that is only 
the upper frame condition in (ll.30p is satisfied, then the so-called synthesis operator, that is 
the linear operator S : £^(N) —)• L^(i/) defined by 

OD 

(1.31) S : C= {Cn)n >0 S{c) = '^CnPn 

n=0 

is a bounded operator with norm ||5||;y < Vb, that is, the series is norm convergent for any 
sequence in £^(N). However, S is not in principle onto as the {Pn)n>o does not form in general 
a basis of the Hilbert space. 

Finally, we say that a sequence (I4,)n>o in L^(zz) is a Riesz-Fischer sequence if there exists 
a constant B > 0 such that < II finite scalar sequences 

(Cn)n>0' 

We proceed by recalling a few definitions concerning the spectrum of linear operators and we 
refer to [Ml XV.8] for a thorough account on these objects. First, a complex number A G S(P), 
the spectrum of the linear operator P G B(L^(j^)), if P — AI does not have an inverse in L^(z^) 
with the following three distinctions: 

• A G Sp{P), the point spectrum, if Ker(P — AI) / {0}. 

• A G Sc{P), the continuous spectrum, if Ker(P — AI) = {0} and Ran(P — AI) = L^(z^) 
but Ran(P — AI) C L^(i/). 

• A G Sr-(P), the residual spectrum, if Ker(P — AI) = {0} and Ran(P — AI) C L^(z.^). 

Clearly, S(P) = Sp(P) U Sc(P) U Sr(P). Let A G Sp{P) be an isolated eigenvalue. Then its 
geometric multiplicity, denoted by Tlg{X,P) is computed as follows 

(1.32) img(A,P) = dim Ker(P-AI), 
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that is the dimension of the corresponding eigenspace. Its algebraic multiplicity, denoted by 
lIRa(A, P) is defined by 


OO 



(1.33) 


k=l 


Note that always P) < 9Jta(A, P). We are now ready to state both interesting properties 

satisfied by the sequence of eigenfunctions and co-eigenfunctions when viewed as sequences in 
Hilbert space and information on the structure of the spectrum of gL semigroups. These claims 
are proved in Chapter [TTl 

Theorem 1.22. (1) Let iIj G J\f. Then, Span(P„) = L^(i/) and (P„) n>o is a Bessel se¬ 

quence but it is not a Riesz basis in 

(2) Let us now assume that 'll) G Mqo- Then, the sequence (Vn)n>o is a minimal Riesz- 
Fischer sequence in L^(z/) and (Pn)n>o is exact. Moreover, {Vn)n>o is the unique 
sequence biorthogonal to (Pn)n>o in 

(3) Assume that 'll: G Np where 


(1.34) 



Then, Span(Vn) = L^(z^) and hence (Vn)n>o is also exact and (Pn)n>o is its unique 
biorthogonal sequence in L^(z/). 


(4) Let t>0 and write 


£t = {e "■*, n > 0}. 


(a) Then, for awy 'll: G M, we have 


£t C Sp{Pt) and Sr{Pt) = 0. 


(b) Moreover, if if G Woo, then 


£t c Sp{p;) with ma{e-'^\p;) = mig{e-'^\p;) = i. 


(C) IfifeAfpUAfatn, where we recall that the latter class is defined in (11.3411 . then 


£t = SpiPt) = SpiPf), 


and 


ma{e-^\Pt) = lm,(e-”^p;) = i and Sr{Pt) = 5,(p;) = 0. 

(d) Finally, if if & with > 1 , then 



and 
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This Theorem is proved in Chapter {T^ 

Remark 1.23. Although we are able to provide precise information regarding the spectrum of 
the gL semigroups, the characterization of their full spectrum seems to be a delicate issue. We 
refer to Chapter [11] for interesting and detailed discussions regarding the spectrum of operators 
linked by an intertwining operator. 

1.6. Plan of the paper. We now describe the contents of the remaining parts of the paper 
whose main purpose is merely to prove Theorem ll.lll that is to establish the statements related 
to the spectral expansions of gL semigroups. The length of the paper may be explained by the 
complexity of the problem that forces us to develop adequate mathematical tools almost from 
scratch. We emphasize that these new results may be of independent interests in a variety 
of contexts such as probability theory, the study of functional equations, asymptotic analysis, 
non-harmonic analysis, special functions and functional analysis. More specifically, we have 
the following organization. 

• Strategy of proof and auxiliary results. Chapter [2] is a high-level description of 
our methodology whose main comprehensive ideas could be used to study the spectral 
representation of more general Markov semigroups. We also sate a short version of the 
substantial results that are required to prove the main results. This part also includes 
the proof of Theorem ll.GIfTI) along with some preliminaries results on gL semigroups 
that are both useful for the remaining part of the paper and also easy to prove by 
merely adapting some results that can be found in the literature. 

• Examples. Chapter [3| is devoted to the description of some specific examples which 
illustrate the variety of results we obtained ranging from the self-adjoint class, the 
perturbation cases to the pure compound Poisson case. 

• New developments iu the theory of Berustein functions. In Chapter 0] we 
present some known and new results regarding the convex cone of Bernstein functions 
which are essential to develop a fine and detailed analysis of gL semigroups. The new 
claims vary from new asymptotic estimates on the complex and (positive) real lines, to 
a new mapping leaving some subset of Bernstein functions invariant. Since this set of 
functions is central in a variety of contexts, ranging from potential theory, probability 
theory, operator theory to complex analysis, we gather and prove these results in one 
chapter. 

• Fine properties of the density of the invariant measure. We start Chapter [5] 
by providing a simple but useful mapping relating the class of invariant densities to a 
subset of the substantial and well-studied class of positive self-decomposable variables. 
This connection enables us to use the work of Sato and Yamazato m to derive some fine 
distributional properties of the invariant densities. We proceed by deepen their study 
by providing the small exponential asymptotic decay of the densities along with their 
successive derivatives of this latter class by showing that they satisfy the several and 
delicate conditions of a non-classical Tauberian theorem which was originally proved by 
Baalkema et al. [1] and that we extend to fit to our framework. Moreover, by resorting 
to the theory of excursions of Levy processes, we derive very precise bounds for the 
large asymptotic behaviour of these densities. 
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• Bernstein-Weierstrass prodncts and Mellin transforms. In Chapter [6l we carry 
out an in-depth study of the functional equation Aiv^{z -|- 1) = 4 >(z)M.v^iz) valid in 
the right-half plane that is satished by the Mellin transform of the invariant measure. 
This part complements Webster’s fascinating investigation in |103j on the positive real 
line of similar functional equations. It includes an analytical extension to the right- 
half plane as well as description of the precise asymptotic behaviour along imaginary 
lines of a class of generalized Weierstrass products in bijection with the convex cone of 
Bernstein functions. This class encompasses many special functions that have appeared 
in different contexts in the literature and our approach provides a unihed framework 
to their study and a common set of quantities describing their properties. 

• Intertwining relations and a set of eigenfunctions. In Chapter[71 we first develop 
a factorization of Markov operators which turns out to be essential in the derivation of 
the intertwining relation between the gL semigroups and the classical Laguerre one. It 
also plays an important role in proving the continuity property of the intertwining op¬ 
erator between appropriate non-trivial weighted Hilbert spaces. From the intertwining 
relation we construct a sequence of polynomials which corresponds to a set of eigen¬ 
functions for the gL semigroups. We also prove that the latter forms a Bessel sequence 
in L^(i/), an object which has been introduced in non-harmonic analysis as a generaliza¬ 
tion of the concept of a basis in Hilbert space. We also show that the polynomials are 
the Jensen polynomials of some entire function and exploit this connection to derive an 
upper bound for large orders of these polynomials in terms of the maximum modulus 
of the associated function. 

• Co-eigenfunctions: existence and characterization. In Chapter [8l we first resort 
to the theory of distributions in the setting of the Mellin transform to characterize, in 
terms of the Rodrigues operator, the co-eigenfunctions. Using the precise information 
regarding the densities of the invariant measure obtained in the previous chapters, we 
provide (almost) necessary and sufficient conditions for the co-eigenfunctions to belong 
to the weighted Hilbert space L^(i/). 

• Uniform and norms estimates of the co-eigenfunctions. Chapter [9] contains the 
proof of two asymptotic estimates for large values of n for the norm of co-eigenfunctions 
considered in different topologies. The first one is based on a saddle-point approxima¬ 
tion which applies for the class A/©, whereas the second one relies on upper bounds for 
the co-eigenfunction that we derive by exploiting very precise information regarding 
the location of zeros of the successive derivatives of the invariant density. 

• The concept of reference semigroups: L^(z^)-norm estimates and complete¬ 
ness of the set of co-eigenfunctions. We develop in Chapter [TO] the concept of 
reference semigroups. It consists in identifying gL semigroups P which satisfy the 
following two criteria. First, their special structure permits to study their spectral 
reduction in detail. Furthermore, there exists a subclass of gL semigroups such that 
for each element in this class we have the adjoint intertwining relation P^A* = A*P^ 
where A* is the adjoint of a bounded operator between appropriate weighted Hilbert 
spaces. Although this approach may be extended to more general classes, we present 
in this part two different reference semigroups, which allow, in particular, to deal with 
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the spectral expansion in the full Hilbert space of the perturbation class, that is when 
il) E A/p. We describe two important applications of the reference concept regarding 
probably the two most technical difficnlties of this work, namely the estimates of the 
L^(p) norm of the sequence of co-eigenfunctions Vn and their completeness in L^(p). 

• Hilbert sequences, intertwining and spectrum. In this Chapter, we gather new 
developments in the study of the spectrum of linear operators linked by an intertwining 
relation. In particular, we establish some interesting and new connections between the 
concepts of intertwining relation, Hilbert sequences arising in non-harmonic analysis 
and spectrum of non self-adjoint operators. 

• Proof of Theorems II. Ill 11.171 and 11.181 The last Chapter contains the last argu¬ 
ments required to complete the lengthy proofs of Theorems 11.11111.171 and 11.181 

1.7. Notation, conventions and general facts. 

1.7.1. Functional spaces. Throughout, we denote by L^(M_|_) the Hilbert space of square in- 
tegrable Lebesgue measurable functions on 1R+ endowed with the inner product {f,g) = 

f{x)g{x)dx and the associated norm ||.||. For any weight function u defined on M_|_, i.e. a 
non-negative Lebesgne measurable function, we denote by L^(i/) the weighted Hilbert space en¬ 
dowed with the inner product {f,g)u = f{x)g{x)v{x)dx and its corresponding norm ||.||i/. 
Similarly, we use the standard notation for the functional spaces LP(z^), for p E [l,oo]. We 
preserve L^(]R) and L^(R+) for the case when ly = 1. 

For any Fi C M, we use C^{E), for k > 0, k £ NU{oo}, for functions with k continuous derivatives 
on E and write simply C{E) = C^{E). Additionally, we denote by Cq(M) (resp. Cq(M+)) the 
snbspaces of functions of C^(M) (resp. C*^(M_|_)), all of whose k derivatives and the functions 
themselves vanish at infinity. We also consider the spaces C^(R) (resp. C^(R_|_)), i.e. the space 
of functions with k continuous, bounded derivatives. We reserve C“(R) and C^(M+) for all 
infinitely differentiable functions with compact support in M and R+. Also C^([—oo, oo]) stands 
for the space of functions / E (M) which along with their first and second derivatives admit a 
limit at ±oo. Furthermore we denote by Bfe(M) and Bfe(M+) the corresponding spaces of bounded 
measurable functions. 

We also write for Banach spaces Hi,H 2 

B{Hi, H 2 ) = {L : Hi —^ H 2 linear and continuous mapping}. 

In the case of one Banach space iF, the unital Banach algebra B(FF, H) is denoted by B(iF). 

1.7.2. Complex plane, strips and analytic functions. We use C for the complex plane and C± 
for the half planes with 3F(z) > 0 and 3 ^( 2 ;) < 0. For any —00 < a < a < 00 we define vertical 
strips of the complex plane by 

C(a,a) = { 2 ; E C; a < 3 ^( 2 ;) < a} 

and, for any a E M, we denote by Ca = { 2 ; E C; 3 ^( 2 ;) = a} the vertical complex lines. 
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For —oo < a<a < oo, denote by 

~^{a,a) the set of analytic functions on 

and by -4[a,a) ~^{a,a) the set of analytic functions which have a continuous extension on Ca- 

Similarly, we define A\a;a] and A(^a,a]- Finally, for any 9 G (0, vr), we denote by 

A{9) the set of analytic functions on C{9) = {z € C; | argzl < 9}. 


1.7.3. Asymptotic behaviour. We use the following notation 

/ 

fix 


g means that 3 c > 0 such that c < — < c~^, 

9 


/ Lb 

/ = 

/ = 


g means that lim 

x^a g[x) 

O (g) means that lim 

x^a 

o (g) means that lim 


= 1, for some a G M U {±oo} 


fix) 


9ix) 

fix) 


9ix) 


< oo. 


= 0 . 


We say that a function I is slowly varying at o G {0} U {oo} if, for any y > 0, 

1- Kyx) , 

TTV = 
x^a l[x) 

We then say that / G RVaia), i.e. / is regularly varying of index a G M at a, if 
(1.35) fix) = x°‘lix) 

where I is slowly varying at a. Note that the class of slowly varying functions at a coin¬ 
cides with RVoia). We refer to [17] for a complete account of the theory of regularly varying 
functions. 


1.7.4. Random variables and Mellin tranforms. Recall that a random variable is a measurable 
mapping X : —)• M from a probability space (n,P) endowed with a cr-algebra to M endowed 

with the Borel cr-algebra. In this work we mostly consider mappings restricted to M+, i.e. X : 
—)• M+. In the latter case the Mellin transform is introduced via 

Mxiz) =^[X^-^] 

and it is well defined at least for z G Ci, i.e. when z = 1 + ib, b G 'R. If Aixiz) is defined, 
absolutely integrable and uniformly decaying to zero along the lines of the strip z G C(a a), for 
a < I < a, the Mellin inversion theorem applies and gives, for a < a < a and x > 0, 

-y ra^ioo 

(1.36) v{x) = -— : / x~^Aixiz)dz, 

J a—ZOO 

where, by dominated convergence, v G Co(M+) and it is the density of X, i.e. P(X G dx) = 
vix)dx. We write = M-x- If for any fixed a G (a, a) and some 9 G (0,7r], 

(1.37) |A4^(a + i6)| 

then a dominated convergence argument applied to (|1.36l) yields that v G M(0). 
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Moreover if, for some n € N, is well-defined in C(a „)) then A4jj(„)(z) = (—l)"'(z — 
n)nMv(z - n) is well-defined in €(„+„,a+n), where (z - n)„ = = (z - 1 )... (z - n -h 1), 

see m Chap. 11, (11.7.6)]. If, in addition, z z^Mi,(z — n), for some n € N, is absolutely 
integrable and uniformly decaying along the complex lines of the strip C(^^^n,a+n)j then we 
have, iora + n<a<a + n and x > 0, 

(1.38) v^'^\x) = - / x~^{z — n)n.M.v{z — n)dz 

zm Ja-ioo 


and by dominated convergence again € Co(M+). Finally, we also use the L^-theory of Mellin 
transform and in particular the Parseval identity which reads off, for v G L^(M+), as 

2 


(1.39) 




f 


■M-v ( TT “1“ 


* 


We refer to the monographs m and m for excellent accounts on Mellin transforms. 
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2. Strategy of proofs and auxiliary results 


The aim of this section is two-fold. On the one hand, its primary purposes are to describe, 
in a synthetic way, the methodology we have developed to obtain the eigenvalues expansions 
stated in Theorem 11.111 to consider the main ideas underpinning the proof of the main results 
and to discuss the technical difficulties we had to overcome. On the other hand, both for 
the reader’s convenience and to give flavour on the type of results we have derived, we also 
state, in general without proof, several interesting supplementary results. They could be of 
independent interest in a variety of contexts at the interplay between probability theory, the 
study of functional equations, asymptotic analysis, non-harmonic analysis, special functions 
and functional analysis. We wish to point out at this stage that the remaining parts of the 
paper contain additional interesting but more specific claims regarding the objects we are 
dealing with. We also mention them in this part. 

2.1. Outline of our methodology. 

1. Intertwining relations. The first main idea is to identify a commutation relation between 
the NSA gL semigroups and the semigroup of a self-adjoint operator which admits a known 
spectral resolution. This is achieved by establishing an intertwining relation between the class 
of gL semigroups and the classical Laguerre semigroup Q = {Qt)t>o, a self-adjoint operator in 
L^(e) with e( x) = e X > 0, whose main properties are reviewed in Example 13.II below. More 
precisely, after recalling that for any V’(^) = u(f>{u) G AA, we define, from 11.131 the Markov 
operator X^f{x) = E [/(xl^)] where we have the following statement which is 

a short version of Theorem O 

Theorem 2.1. Let 'ip G M. Then, G B(L^(e), L^(u)) and in L^(e), 

( 2 . 1 ) PtZ^f = Z^Qtf. 

Moreover is not bounded from below. 

We prove this relation in a couple of steps utilizing that (j2.ip can be reduced to the proof 
of a special multiplicative factorization linking the invariant measures of the involved semi¬ 
groups, see m Proposition 3.2], and the injectivity on appropriate Hilbert/Banach spaces of 
the multiplicative operator X^. First, we derive the desired multiplicative factorization and 
then, by showing that the Mellin transform of u, the density of the invariant measure, is zero- 
free on the imaginary line we deduce the injectivity of X^ by means of a Wiener Tauberian 
theorem combined with a standard approximation argument. This zero-free property is ex¬ 
tracted from a generalized Weierstrass product representation of this Mellin transform, see 
(|6.1h . which is characterized as a solution to a Gamma type functional equation of the form 
M.{z + 1) = (f){z)M.{z), where (p stands for the descending ladder height exponent associated 
to Ip, that is a Bernstein function, see ra . This result has been announced in the note 
m- We mention that, for instance, when considering the trivial Bernstein function (p{u) = u, 
i.e. tpiu) = u^, this Weierstrass product boils down to the infinite product representation of the 
Gamma function itself. We also point out that the proof of X^ G B(L^(e), L^(u)), that is the 
continuity property between weighted Hilbert spaces is in general a difficult problem. By means 
of the Marcinkiewicz multiplier theorem for Mellin transform, see [89], one can show, from the 
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asymptotic behaviour of its Mellin multiplier, see Theorem 16.21 below, that a Markov operator 
is bounded from L^(pq,), where Pq(x) = x~°‘,x,a > 0, into itself. One classical approach is to 
consider weights which belong to the so-called class of Muchkenboupt, the conditions of which 
are not satished by e. Instead, the multiplicative factorization of Markov operators that we 
establish, allows us to derive by a simple application of the Jensen inequality the contraction 
property of the Markov operator 

The idea of intertwining relation between Markov semigroups is not new and can be traced 
back to the works of Dynkin m and Rogers and Pitman [85] which yield such relation between 
a Brownian motion in M” and its radial part, the Bessel process of dimension n. This device, 
which is always difficult to identify, has also been used by Diaconis and Fill [31] in relation 
with strong uniform times, by Carmona, Petit and Yor [25] in relation to the so-called self¬ 
similar saw tooth-processes, and, more recently by Fill [52| for an elegant characterization of 
the distribution of the hrst passage time of some Markov chains, by Borodin and Corwin m in 
the context of Macdonald processes, by Pal and Shkolnikov [72] for linking diffusion operators, 
and, by Patie and Simon [83] to relate classical fractional operators. 

On the other hand, this type of commutation relation between linear operators has been also 
intensively studied in functional analysis in the context of differential operators. This approach 
culminated in the work of Delsarte and Lions [38] who showed the existence of a transmutation 
operator between differential operators of the same order and acting on the space of entire 
functions. The transmutation operator, which plays the role of the intertwining operator, is in 
fact an isomorphism on this space. This property is very useful for the spectral reduction of 
these operators since it allows to transfer the spectral objects. We mention that Delsarte and 
Lions’s development has been intensively used in scattering theory and in the theory of special 
functions, see e.g. Carroll and Gilbert [26] . 

In the context of this paper, the situation is more delicate, since on the one hand, the operators 
are non-local, and, on the other hand, the intertwining operator is not in general an iso¬ 
morphism. Perhaps, that is the price to pay in order to relate a non-local and non-symmetric 
operator to a self-adjoint and local (differential) operator. It is also worth mentioning that 
intertwining relations go beyond perturbation theory of self-adjoint operators. Indeed, it may 
relate the self-adjoint classical Laguerre semigroup, i.e. > 0, m = 0, n(M) = 0 to a NSA 

semigroup without a diffusion part, that is when = 0,m > 0,n(M) > 0 in (11.61) . As far as 
the authors know, the intertwining theory has not been exploited for dealing with the spectral 
representations of Markov semigroups, or more generally of NSA linear operators, which is 
rather surprising, as it seems to be a promising and natural technique as the following lines 
hope to illustrate convincingly. 


2. A set of eigenfunctions. From the intertwining identity (12.ip . we easily get that, for each 
n G N, with £„ the classical Laguerre polynomials defined in (|3.4p . satisfy 

(2.2) PtVn = Ptl^Cn = X^QtCn = e-'^%Cn = e-'^^Vn 

and since X^ G B(L^(e), L^(z/)) but it is not bounded from below, we obtain with the notions 
introduced in Section [T3] the following. 
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Theorem 2.2. Let V’ G M. {T’n)n>o is a Bessel sequence in L^(i/) of eigenfunctions for Pt but 
it is not a Riesz basis in L^(i/). We also have, for any n G N, 


(2.3) 


||P„||, = 0 ( 1 ) and ViP\x) 


= O 


n 




where the last bound holds for large n, any integer p and x > 0 and we recall that r = oo if > 
0 , and, 0 < r = n( 0 ''') + m < oo otherwise. 


A more detailed version of this Theorem is Theorem 17.31 


3. A first spectral expansion. From the intertwining identity ( 12 . 1 |) and the expansion (j3.2p 
of the classical Laguerre semigroup, one gets, by means of the continuity property of and of 
the synthesis operator S defined in (jl.3ip . the following first expansion of P. 

Theorem 2.3. Let if G Af. Then, for any f G Ran(X 0 ) and t > 0, 

OO 

(2.4) Ptf = Y, (/) Vn m L\u), 

n=0 

where ch{f) = {Z^^f,Cn)£ and we recall thatl^^ is the pseudo-inverse ofZ^. 


4. Existence and characterization of a set of co-eigenfunctions. With the aim of 

extending the domain of the spectral operator, i.e. the linear operator appearing on the right- 
hand side of (12.41) . we proceed by first investigating the existence and the characterization of a 
set of co-eigenfunctions, that is, eigenfunctions for the adjoint semigroup P*. More specifically, 
we say that, for some t > 0 and n > 0 , Vn is a co-eigenfunction for Pt, or equivalently, an 
eigenfunction for its adjoint Pf in L^(z/), associated to the eigenvalue if Vn G L^(i/) and 
= e~^^Vn, which can be rephrased as, for any / G L^(i/), 

{f,Pt*Vn)u = {Ptf,Vn)u = e-^\f,Vn)u. 

We state the following which summarizes the results that are presented in Chapter [HI 

Theorem 2.4. Let ^ J\f and denote byZ^ the adjoint ofZ^. ThenZ^ G B(L^(e), L^(z^)) and 
in L^(i/), for any t > 0 , 

(2.5) z;p:f = Qtz;f. 

Moreover, for any n G N, the equation in L^(i/) 


( 2 . 6 ) Z;g = Cn 

has a unique solution (resp. no solution) given by Vn{x) = 
0 < n < (resp. f/ 1 < < oo and n > )■ 


(x"u(x))("'> _ w„(x) 
^'(x) 


First, we observe that if Vn is solution of (12.61) then, from the intertwining relation (|2.5p it is 
indeed a co-eigenfunction of P, or an eigenfunction for its adjoint semigroup. Note that when 
such a solution does not exit for some n then e”""*, the corresponding eigenvalue for Pt belongs 
to the residual spectrum of Pf. 
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The questions of existence and characterization of the solution to the equation (|2.6p is ex¬ 
tremely delicate as it requires the description of the range of and of its unbounded inverse 
and also to deal with the complex s structure of the weighted Hilbert space. As opposed to the 
self-adjoint framework where such a question is obvious, there do not seem to exist any results 
in the literature ensuring the (non)-existence of this set of co-eigenfunctions. To overcome 
this difficulty, we implement the following two-steps program. First, by considering the formal 
adjoint of in L^(]R+), we transfer equation (|2.6p defined in L^(z^) into a Mellin convolution 
equation that can be studied in L^(R_|_) or even in the sense of Mellin distribution, see (18.lip 
below for a precise statement. Then, by means of Mellin transform techniques we study this 
latter equation to obtain, in the distributional sense, necessary and sufficient conditions for 
existence, uniqueness and description of its solution. In particular, we get a characterization in 
terms of the Rodrigues operator acting on the density of the invariant measures u. Then, apply¬ 
ing the variety of results on v (smoothness, positivity, small and large asymptotic equivalents 
or bounds) developed in Chapter [5l we obtain (almost) necessary and sufficient conditions for 
the existence of a unique solution to the original equation (j2.6p considered in the Hilbert space 
L^(i/). It is worth pointing out that the intensive study that we carry out on the density of the 
invariant measure includes some innovative techniques that could be used in a larger context. 
For instance, the large asymptotic behaviour of v together with its successive derivatives of any 
order stems on a generalized version of a non-classical Tauberian theorem which was initially 
proved by Balkema et al. [1] and that we state in Proposition 15.261 We simply mention that 
the establishment of the ultimate log-convexity property of the density and its derivatives is 
one of the several delicate Tauberian conditions. To the best of our knowledge, it seems that 
it is the first instance that can be found in the literature of a class of probability densities and 
its successive derivatives, for which such precise description of the (exponential) asymptotic 
decay is available at real rather than log-scale, i.e. for lnz^(x,oo). Finally, the small asymptotic 
behaviour of v and its derivatives, is investigated by an appeal to the Ito’s excursion theory 
for Levy processes, which in its own right is a new and interesting result. 

5. Extension of the domain of the spectral operator. Finally, we address the following 
three issues. The hrst one consists in characterizing the domain V of the spectral operator S 
that is defined as 

OO 

(2.7) Stf = Y.e-^\f,Vn).Vn, 

n=0 

and V is the union of domains of the form, for some T > 0, linear space L C L^(zz) and 
A7c A7, 

(2.8) 7^(L) = {{'ip, /, t); V' € W, / G L and t e {T = T{ip),oo)} . 

Note that, since for any G V, c^{f) = {e~^^{f,Vn)u)n>o £ l’^(N), the continuity 

property of the synthesis operator S in (|1.31l) entails that for any t > T, Stf = S{c^{f)) G L^(z/). 
The next step is to find conditions for the identity Stf = Ptf to hold in L^(zz). Although the 
operators coincide on a dense domain of L^(zz), it may not be obvious to show that any extension 
of St is bounded in L^(j/). We shall design in Chapter [12] a specific methodology for each 
subdomain that deals with this issue. Finally, we are interested to establish conditions under 
which the spectral operator (12.7p along with its space-time partial derivatives converge locally 
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uniformly? Although the Hilbert space topology is natural for the spectral decomposition of 
the operator, the locally uniform convergence enables to derive regularity properties for the 
semigroups and the solution to the associated Cauchy problem. In the same vein, similar issues 
may be addressed for the heat kernel. 


In order to characterize the domain P, we resort to the Cauchy-Schwartz inequality that leads 
us to hnd upper bounds for the co-eigenfunctions Vn which may be considered in different 
topologies. We emphasize that it is a very difficult problem to obtain these bounds as it 
requires precise information regarding the uniform asymptotic behaviour for large n of V^- We 
point out that there is a rich and fascinating literature on uniform asymptotic expansions of the 
Laguerre polynomials which reveals already that this issue, even in a simple case with explicit 
expression and several representations at hand, is far from being trivial, see e.g. [95] and [96] 
for a thorough description. We present below the different bounds we manage to extract for 
each of the subdomain defining P. 


Theorem 2.5. (1) Let il) G A/e and recall that = — Insin and Pa(x) = x x > 

0, a G [0,1). Then, we have, for any e > 0 and n large, uniformly on x > 0, 


(2.9) 

( 2 . 10 ) 


x^\wn{x)\ = O (n 2 , a> d^, 

^ , d^<a< 


= 0(n2 


a + 1 


(2) Let ijj ^ Ma and recall that andv^{x) = ni8rx.{v{x),e ^^), 7>1+Q!. 

Then, for large n and for any e > 0, we have that 


( 2 . 11 ) 

( 2 . 12 ) 


Wr. 


= O , a> d^, 


\\Vn\l = Q . 

1 + where pa is the largest root of {1 — p)^ cos 

(3) Let G A/p. Then, for any e > 0 and large n, 

(2.13) ||V„||. = 0(e^-). 


arcsin(p) _ 1 

" 2 • 


(2.14) 


If in addition n(0''“) < oo then, recalling that m = \ we have for large n, 

\\Vn\\u = 0{n^). 


(4) Let £ A/’a,m with (a,m) G 91 = {(a,m); a G (0,1] and m > 1 — ^}. Then, for large 
n, with Ta = — ln(2“ — 1), we have that 

(2.15) liVnII. = ©(e^^’^). 


To derive these bounds we develop several approaches which are of different nature. 


For the first one, to obtain the bound (I2.10p when V’ £ A/"©, we are able to apply a classical 
saddle-point approximation to the Mellin-Barnes integral representation of Wn = This 
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latter is expressed in terms of the Mellin transform of v that we study in-depth in Chapter S] 
which includes its characterization as an infinite product generalizing the classical Weierstrass 
product representation of the gamma function. 

A second path that we follow relies on a fine study of the locations of the real zeros of the 
successive derivatives of v. This approach necessitates detailed information regarding the Ito’s 
excursion measure of some Levy processes, which forces us to specialize to the regularly varying 
case. Once the distribution of the real zeros of the derivatives of v is approximated, one uses 
the basic theorem of calculus to first provide uniform estimates for |Vn(x)| and then deduce 
bounds for in the topology of the Hilbert space L^(I7..^). 

Still focussing on the regularly varying case, we develop a complex analytical approach based 
on the Phragmenn-Lindelof principle to establish upper bounds on |Vn(a;)| yielding to precise 
L^(i/)-norm estimates for Vn- 

Finally, the last methodology is based on new structural ideas that we name the concept of 
reference semigroups. It consists on identifying gL semigroups P which satisfy the following 
two criteria. First, their special structure permits to study their spectral reduction in details, 
including information regarding the asymptotic behavior of the norm of co-eigenfunctions and 
the completeness of their sequence. On the other hand, a reference semigroup intertwines with 
a subclass of gL semigroups in such way that these properties can be easily transferred to a 
priori intractable subclass of gL semigroups. For instance, there should exist a subclass of gL 
semigroups such that for each element in this class we have the adjoint intertwining relation 
P*A* = A*P^, where A* is the adjoint of a bounded operator between appropriate weighted 
Hilbert spaces. 

We describe two important applications of the reference concept regarding probably the two 
most technical difficulties of this work, namely the estimates of the L^(i/)-norm of Vn and their 
completeness in L^(z^). We manage to implement this approach for two different reference 
semigroups, which, in particular, enable us to deal with the spectral expansion, in a simple and 
optimal way as the expansion operator is proved to be bounded on L^(i/) for all t > 0, for the 
perturbation class A/p, that is when cr^ > 0. It is also worth pointing out that when cr^ > 0 and 
n(o+) = oo, the concept of reference semigroup has some unusual underlying mathematical 
idea. Indeed, it consists in approximating, in the sense of linking operators via intertwining 
relations, the class of perturbated operators (say the nice class) by families of operators for 
which the spectral operator is bounded in L^(p) only for t > Ta = — ln(2“ — 1) (say the non 
nice class). Finally, we mention that this approach goes well beyond this framework as it 
is characterized by the class A/p which also encompasses gL semigroups whose inhnitesimal 
generator does not have a diffusion component. It also enables to deal with the delicate issue 
of characterizing the class of co-eigenfunctions that form a complete sequence in the weighted 
Hilbert space. 


2.2. Proof of Theorem II. GtfTD . According to Lamperti [63], there is a bijection between the 
subspace of negative dehnite functions M and the conservative Feller semigroups {Kt)t>o on 
(0, oo) corresponding to processes that have only negative jumps and satisfying the following 
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1-self-similarity property, for any c > 0, t > 0, 


Ktf{cx) = K^-ii-dcfix), 

where we recall that dcf{x) = f{cx). More specifically, Lamperti showed that for any -0 G Af, 
the infinitesimal generator Gq of {Kt)t>o, takes, for any function / such that x fe{x) = 
/(e^) G C^([—oo, oo]), the form 

(2.16) Go/(x) = a^xf'ix) + {m + f{x) + [ /(e"%) - f{x) + yxf'{x) ^^^^\ 

Jo ^ 

where (cr, m, II) is the characteristic triplet of i/j. Next, we define, for any t >0, 

(2.17) Ptfix) = K,t_,d,-tfix), 


and note from the 1-self-similarity property that 

(2.18) Ptfix) = K,_,-tfixe-^). 


Then for each t > 0, is plainly linear, with PtCo(M+) C Co(M+). Moreover, from ()2.18p . we 
get that ||Pt/||oo < ll/lloo and lim 40 .Pt/ = /• Next, for any t, s > 0, 

PtPsfix) = Ki_e-t7^e-lde-./(xe*) = K,s _,-td,-s f {xB^) 

= Ket+s_id^-(t+s)fix) = Pt+sfix). 

It is easy to check now that the semigroup iPt)t>o satisfies the properties [H and[2j of Definition 
11.11 Moreover, from m, we deduce that G AA if and only if 

lim Ptfix) = lim Ki_^-tfie~^x) = KifiO) = uf, 

t^OO t^OO 


where we have used (I2.18|] and for the last equality the identities (I2.22p and (12. 2, ip . yielding 
to the condition [3l of the definition of the gL semigroup. Next, for / a smooth function, we 
have 


Gfix) 


(2.19) 


lim 

t^o 


Ptfjx) - fix) 
t 


Ki_^-tfix) - fix) -F Ki_^-tfie *x) - K^_^-tfix) 
t^o 1 — 


Gofix) - xf'ix), 


which combined with (j2.16p gives the expression of G. Moreover, following [68] and performing 
a change of variables, we get that the Levy kernel of P is characterized for any / G CjN(M+\{x}), 

by limt^ojPtfix) = /q"/(?’)^^^%^ where 11/ (x,.) is the image of ff(.) by the mapping r 1 —)• 

In(^). Hence n(x, (x,oo)) = ^d3^.H,oo)) _ q condition [H is also satisfied. By 

putting pieces together, we complete the proof this item. 


2.3. Additional basic facts on gL semigroups. 

Proposition 2.6. (1) For any if G Af, there exists a positive random variable whose 

law is absolutely continuous with density v which satisfies, for any f G Co(M+) and 
t > 0, 

I'Ptf = vf, 
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where here and hereafter vf = f{x)v{x)dx, that is, the measure iy{x)dx is an in¬ 
variant measure of P. Moreover the law of is determined by its entire moments 
given by 

(2.20) (n + 1) = + 1), n E N, 

where we recall from (II.ISP that W^{n + 1) = 0^=1 

(2) P can be extended uniquely to a strongly continuous contraction semigroup, still denoted 
by P, on the weighted Hilbert space 

Proof. Item ([T|) can be deduced easily from |15l Proposition l(ii)], which states that for any 
if E M, there exists a positive variable such that, for any n E N, 

(2.21) E [V:^] = = W^{n + 1), 

where the second identity follows from the dehnition of (f){u) = The absolute continuity 

of its law is proved in m Proposition 2.4], Then, write, for any t > 0, 

(2.22) tvt{tx) = ^{x) 

i.e. vf = t'tdi/i/ with d. the dilation operator. Then, from [T5l Proposition l(ii)] augmented 
by a moment identihcation identifies as the family of entrance laws for the semigroup 

K, that is, for any t,s > 0 and any / E Co(M+), 

(2.23) utKsf = vt+sf. 

Next, using successively the definition of P, recalled in (I2.17p . the previous identity with t = \ 
and s = e* — 1, and the definition of vt above, we get, since plainly dg-t/ E Co(M_|_), for any 
f > 0, that 

uPtf = vK^t_id^-tf = i^gtdg-t/ = uf, 

which completes the proof of item ([1]). Turning now to ([2|), since v{x)dx is an invariant measure, 
a standard result, see e.g. [33], provides the existence of a strongly continuous semigroup 
extension of P on L^(i^). □ 
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3. Examples 


This part is devoted to the description of the eigenvalues expansions of specific instances of the 
gL semigroups, including the so-called reference semigroups that are exploited in Chapter [TOl 
These examples illustrate the different situations that are treated in this work ranging from 
the self-adjoint case to perturbation of a self-adjoint differential operator through non-local 
operators without diffusion component. 


Example 3.1. The self-adjoint diffusion case. Let us consider, for any m > 0, 

(3.1) -\-mu, 

namely = 1 and II = 0 in (|1.3p . that is the associated gL semigroups are the classical 
Laguerre semigroups which generate the class of squared radial Ornstein-Uhlenbeck processes 
of order m. We refer to the monographs |22] and [59] for a thorough account on these linear 
diffusions. We start by providing a detailed description of the Laguerre semigroup of order 0 as 
it plays a central role in this work and proceed with the essential elements which characterize 
the classical Laguerre semigroup of higher orders, which are used in Chapter [TOl The Laguerre 
semigroup Q = {Qt)t>o of order 0 generates the so-called 2-dimensional squared radial Ornstein- 
Uhlenbeck process of parameter 1, denoted by ii = {Rt)t>o- Its infinitesimal generator L takes 
the form, for a function / G Cq(M_|_), 

L/(x) = xf"{x) -h (1 - x)f'{x). 


Note that the point 0 is an entrance-non exit boundary. The process R can be also realized as 
the solution to the stochastic differential equation 

dRt = (1 — Rt)dt -\- ■sj2RtdBt, Rq = x > 0, 

where B = {Bt)t>o is a standard Brownian motion. The process 12 is a positively recurrent 
Feller diffusion on M+ with an absolutely continuous stationary measure, whose density is given 
by 

e{x) = e~^, X > 0, 

that is the exponential distribution of parameter 1. The semigroup Q = {Qt)t>o is a strongly 
continuous contraction semigroup from the weighted Hilbert space L^(e), endowed with inner 
product (.,.)e, into itself. Moreover, it admits the eigenvalues expansions, valid for any / G 
L^(e) and x > 0,t > 0, 


(3.2) 


Qtf{x) = ^^0 '^^{f,Cn)ei^nix) inL^(e), 


n=0 


where, for any n > 0, Cn is the Laguerre polynomial of order 0, defined either by means of the 
Rodrigues operator as follows 

ON c _ 1 (x’^e(x))(’^) 

, 

or, through the polynomial representation 

n 

(3.4) £„(i) = 


k=0 


n\x 

k)^. 
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They also satisfy the well-known three terms recurrence relation, for any n >2, 

(3.5) Tn(x) = ^2 H- ^n-lix) - ^1 - Cn-2{x). 

The eigenvalues expansion is readily seen from the self-adjointness property of the semigroup 
Q in L^(e), the facts that the sequence of normalized Laguerre polynomials (Tn)n>o forms an 
orthonormal basis of the Hilbert space L^(e) and that it also corresponds to the sequence of 
eigenfunctions of Qt associated to the set of eigenvalues (e“"'*)„>o, that is 

(3.6) QtCnix) = e~'^^Cn{x). 

Furthermore, the semigroup Q can be represented in terms of the semigroup 
of the 2-dimensional squared Bessel process as follows 

(3.7) Qtfix) = 

More generally, for any m > 0, in (|3.ip . the infinitesimal generator of the associated Laguerre 
semigroup, which takes the form 

Lm/(a^) = xf"{x) + {m + l-x) f'{x), 

corresponds to the complete, up to a dilation, family (indexed by m) of second order differ¬ 
ential operators included in our class of generators. It is the infinitesimal generator of a one¬ 
dimensional diffusion often referred in the literature as the squared radial Ornstein-Uhlenbeck 
process, see e.g. [22l Appendix 1.26]. From '4){u) = v? + mu we get that (/>(rt) = u + m, and, 

by moment identification a simple algebra yields, from (16.1111 that with 

a Beta random variable of parameters 1 and m, and, from (I2.20p that = G(m + 1), where 
G(m-1-1) is a Gamma random variable of parameter m-|- 1 whose distribution admits a density 
(x) = ) X > 0, which was already introduced in Remark 11.31 Moreover from dZSI), 

(|7.24l) and (|1.21l) . the eigenfunctions are given, for any n > 0, by 


(3.8) Pnix) =I^£n(x) =El£ri(xB(l,m))] = ^ (fc) Y{k+ln + \) ^ k\ ^ 


k=0 

{m)i 


_ r(n+l)r(m+l) p _ ^(0) i ■\\k(n+m\x^ 

r(nH-m+l) ' 

Laguerre polynomial of order m. From (|1.22p . we get that, for any n > 0, 


where c„(m) = " , l^n = £n^ and Tl^Rx) = Z;fc=o(“l)^ (n-T) If associated 




where the second equality follows from a classical representation of the Laguerre polynomials, 
see |64l (4.17.1)]. From these identities, we recover the well-known facts that the semigroup 
P is self-adjoint in L^(em) and the sequence forms an orthonormal basis in 

L‘^{sm)- Finally, we get, for any t > 0, that 


Pt{x,y) = '^e '^hn{m)C!^\y) (x) Emiy), 

n=0 
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an expression which can be found, for instance, in [591 Chap. 15]. Note that, in this case since 
cr^ > 0, the expansion is convergent in the Hilbert space topology and locally uniformly for all 
/ € L^(em) and t,x > 0. The latter also follows from (|1.25p . 


Example 3.2. Small perturbation of the Laguerre semigroup. Let m > 1 and consider, for any 


tt > 0 


^ , , (n + m + 1) (u + m - 1) - 1 , 

Mu) = - -V-^ = ^ +-+ / 1 - e M ^dy. 

M + m m Jq 

Since plainly (f>^ E see Proposition Id.ltlHI) . we have that 

(u + m+1) (u+ m - 1) 

V'(w) = u- -^ E Afp, 

u + m 

as cr^ = 1, m = , n(y) = in (II.3|] and note that The infinitesimal 

generator of the associated gL semigroup is the integro-differential operator 

Gmf{x) = xf'{x) + - - + 1 - f{x) + — [ {f{e~yx) - f{x) + yxf{x)) e~'^ydy. 

V ^ ^ Jo 

Moreover, we get, W(i)^{n + 1) = ; ^^at is, by moment identification, 


u 


(x) = 


1 + X * (1 + x) 

——r T./ N =-—r^m-i(x), X > 0. 

m+1 r(m) m+1 


Thus, from (|1.22l) and (13.811 . we have that, for re > 1, the V^’s can be expressed in terms of the 
Laguerre polynomials as follows. 

In this case, one gets, for any re > 1, 


||V, "2 


nl lu 


POO 


< 


+ 


m 


re 

mT 

,2 


n 2 ^ OO 

Y / em-lW<il + 2YY^ / 

(j en,-i(x)dx + J X 


+ (2„ + ra + = O (n"+‘) , 

m +1 r(m)(re — 1)! '^Tlm + llre! ^ ^ 


(3.9) 
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where we used for the second equality the fact that the sequence ^^)n> 0 ) with 

Cnipi) = , forms an orthonormal sequence in L^(ent-i) and the three terms recur¬ 

rence classical relationship for generalized Laguerre polynomials to express 

X (x)) = (2n + m) (x)) - (n + m - 1) {x)C^n~^^ (x) 

and, using again orthogonality to compute the very last expression in the first inequality. On 
the other hand, we have from ()1.21l) applied with (/>„! identified with p.Sp . for any n > 0, 

Vn{x) = l)/:^’"+^)(x). 

m 

Note that from Theorem [OH© the sequences (T’n(x))^>Q = 

— V / n>0 

and 

w / n>0 

are biorthogonal in L^(zz). Finally, since = 1, we obtain, for any t,x,y > 0, that 

CXD , 

P,{x,y) = J2e~ — 

71=0 

where the series converge locally uniformly on R+ x M+ x R+. Moreover, as {'Pn)n>o forms a 
Bessel sequence in L^(j/), we have for all / E L^(zz) and all t > 0, 




m-1 -y 


oo { _i_ \ 

Ptf{x) = '^e~'^\f,Vn)u— —^C„(m-h inl?{u). 


Example 3.3. The Gauss-Laguerre semigroup. In |80] . we introduce and study in depth the 
so-called Gauss-Laguerre semigroup, an instance of gL semigroup whose infinitesimal generator, 
for any a € (0,1) and m £ [1 — oo), and, for any given smooth function /, takes the form 


G«,m f{x) = (m„ - x) /'(x) 


sin(Q;7r) 


TT 


/ 


X f {xy)ga,m{y)dy, x > 0, 


where ttIq, 


r(cem+Q+l) 

r(Qm+l) 


and 


9a,m{y) 


_Q2)_„-+i+i 

m + i + l" 


2^1 (a (tn -|-1)-|-1,Q!-|-1; Q;(Tn -|- 1) -|- 2;?/a), 


with 2 P 1 the Gauss hyper geometric function. The terminology is motivated by the limit case 
a = 1 which is proved to yield, writing simply = Gi^n,, 

Lmfix) = xf"{x) + {m + 1 - x) f'{x), 
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that is the Laguerre differential operator of order m, see Example 13.11 above. The algebra of 
polynomials P is a core for and the associated semigroup = (P“’'^)f>o is a non-self- 
adjoint contraction in L^(eQ^n^), where 


(3.10) 


ea,m{x)dx = 


xm+--l^-x-c 


-dx, X > 0, 


r(am -I- 1) 

is its unique invariant measure. Observe that, for any y > 0, z 6 a,m(p^) is analytical in the 
interior of unit disc since ea^m( 2 :) is analytical on C(o,cxd)- Note that is the gL semigroup 
associated to V’a m ^ where 

T{au + am -|- 1) 




r(an -|- am -|- 1 — a) 


u 


poo 

■ / (1 - - e-^)-^-^dy + 

Jo 


U- 


r(am -|-1) 


r(l —a)yo ^ ^ j ' r(am-t-l —a)’ 

and we refer to Lemma 14.31 for more details on the computation. In order to recall some 
additional results, we proceed by setting some further notation. For any x > 0, we set Tq’"'(x) = 
1 and for any n > 1 , we introduce the polynomials 


C’(i) = r(om+l)5;(-l)‘ 


k=0 


T{ak -|- am -|- 1) 


Note that for a = 1, £n"'(x) = Cn(m)Tn"'^(x) = r(m-h 1) I]fc=o(~l)^ r(fc+m+i) ^^ 
classical Laguerre polynomials of order m > 0, see (13.Sp . Moreover, for any x > 0, we write 

" e N, that is 




(-ir 


-(x"e„,,^(x))W. 


ra!e„,m(x) 

From the Rodrigues representation of the Laguerre polynomials, we also get that for a = 1, 
V’n'^’'^^(x) = m{x). We also define, for any 0 < 7 < a and > 0 hxed, 


e.^,n,(x) = x> 0 , 

and, recall that = —In (2" — 1). By means of a delicate and non-classical saddle-point 
analysis, we obtain, in [801 Proposition 2.3], the following specific asymptotic estimates for the 
co-eigenfunctions for large values of the parameter re. 


(3.11) 
and 

(3.12) 




' n 


'a,m 


-7,m 


= O ( 


— o: , I , X 

where = (a -|- l)a “+i —h e) , for some small e > 0. From this asymptotic analysis, 

we deduce the following fine properties of the Gauss-Laguerre semigroup. For any / E L^(eQ^,T^) 
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(resp. / G L^(e^^n^)) we have that 


CX> 

prfi^) = (/>c’"(^), 

\ / erv m 


n=0 


where, for any t > Ta (resp. t > 0), the identity holds in L^(e„^m)- Moreover Ptf G C°° ((Tq,, oo) x M+) 
(resp. C°°(M^)), and for any integers k,p, 

pk °° 

n=p 

where, for any t > (resp. t > 0), the series converges absolutely. Finally, the heat kernel is 
absolutely continuous with density Pt{x,y) G C°°(M(|_), given for any t,y > 0, x > 0, and for 
any integers k,p,q, by 

yk °° 

n=p 

where the series is absolutely convergent. 

Example 3.4. The stationary saw-tooth semigroup. Let 0<o<l<o + 6 and 


, . ^ n + 1 - a 

ipiu) = u -;— = u 

u + b 


+1^ i^ + b-l) e-'^dy'^ , 


that is m = and n(y) = {a + b — l)e ^. Hence r = n(0“'') + m = lim^j^oo ^u+b'^ ~ 


see (inD, and Nr = 


n(o+) 


— 1= [a + 6 — 1] — 1>0, see (jl.8h . We point out that the 
self-similar semigroup K, see Definition 11.11 associated to the gL semigroup was introduced 
and studied by Carmona et al. [SS]. They call the corresponding process the saw-tooth process 
due to the specific behaviour of its trajectories. Next, for any n > 0, we have from (ll.lSjl with 

4>{u) = that W^{n + 1) = rl^Eni+i+b) P-21P 

r(2 -a)^ n!r(A: + 6+l) {-x)^ 


Pn{x) = 


E 


T{b+1) ^^{n-k)\T{k + 2-a) k\ 


Moreover, by moment identification via (|6.5I1 . we easily observe that the invariant measure is 
the beta distribution, that is 

From this expression, we get that indeed, for Nj > 1, i/ G C^'“^(M+) and, in any case, the 
mapping x {x — l)z^^^'^(rE) is continuous on M+, as claimed in Theorem 15.2H2bp . Moreover, 
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for any n < Nj, we have, for any 0 < x < 1, and, for sake of simplicity assuming that a + b ^ N, 
V„(I) = 

n\u[x) 

- /n\ (-l)^r(n + 2 -a)r(b + a-l) _ ^+^+,.2 

n!(l-x)^+“- 2 ^V^y r(A: + 2-a)r(6 + o-l-A:) ^ ^ 


(-l)’^r(n + 2 

n! 


0^')Ca,b 



T{k + 2 — a — b) 
r(A: + 2 — a) 


X 

1 — X 


k 


where after using the reflection formula of the Gamma function, we have set nCa^b = r(6 + 
a — 1) sin((2 — a — 6)7r). Thus, for any n > 0, V^(x)i/(x) = O ((x — ij- 2 n+a+b- 2 j hence 

Vn £ L2(zy) if and only if—2n + o + 6 — 2 > —1, that is n < —which is precisely the 
assertion of Theorem ll.22H4dl) . 
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4. New developments in the theory of Bernstein functions 


The Bernstein functions play a central and recurrent role in this work. We review below some 
well known facts and present some new interesting developments which may find applications 
in the areas where this class of functions appears. An excellent reference on this topic is the 
monograph |92] which is entirely devoted to their study. 


4.1. Review and basic properties of Bernstein fnnctions. We recall that the class of 
Bernstein functions is defined as follows 

(4.1) B = {4> G C°°(M+); 4> ^ 0,(j) is non-negative and (j)' is completely monotone} 

where a function / is called completely monotone if / ; M+ —[0, oo) E and (—!)"■/(”) > 

0 on M_|_, for all n = 0,1,... . The next statement collects some well known and new properties 
of the Bernstein functions. 


Proposition 4.1. Let (f> G B. 

(1) We have that 4 > £ -4[o,oo) 4 ^ the form, for z G Cp^oo); 

roo roo 

(4.2) (l){z) = m + a'^z + z / e~^^Jl{y)dy = m + a'^z + / (l — e~^'^) fi{dy), 

Jo Jo 

where m = (^(0) > 0, > 0 and y. is a Levy measure on (0, oo) such that (1 A y) y{dy) < 

oo and as usual JL{y) = fi{du) is the tail of y. 

(2) Moreover, (f is non-decreasing on M+ and 

roo poo PC 

(4.3) (j)'{u) = a‘^+ e~'^yy{y)dy - u e~'"yyy{y)dy = a‘^-G 

Jo Jo Jo 




Vh{dy) 


(4.4) 


(4.5) 


as a completely monotone function is positive non-increasing on M_|_. Hence, f is strictly 
log-concave on M+. Consequently, for any u G M+, 

POO 

0 < ucffu) = (/>(tt) — m — yy{y)dy < 4>{u) 

Jo 


and 


\riu)\<2 


4>{u) — m 4>{u) 


< 2 - 




(3) J){u) = a'^u o{u) and (f {u) = -|- o(l). Fix a > d^ = supjrt < 0; (l){u) = 

—oo or f){u) = 0} E (—oo, 0], then \4> {a ib)\ = |a ib\ o (|a ib\), as \b\ —>■ oo. 

(4) The mapping u ^ completely monotone, i.e. there exists a positive 

measure T{dy), whose support is contained in [0,oo), called the potential measure, such 
that the Laplace transform of T is given via the identity 

^ = / e-“^T(dy). 

(PW) Jo 

(5) The mapping u is positive and log-concave on M+. 
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(6) In any case, 


(4.6) 


lim 

U^OO 


(f){u ± a) 

ct){u) 


1 uniformly for a-compact intervals on M+. 


(7) Uniformly, for u € M+, we have that 


(4.7) 



li{y)dy + a'^u + m. 


(8) If if E J\f, then for u E M+ put = 4>{u). Then f £ B. More precisely, '0^(0+) = 
0(0) = m, and p^{dy) = Il{y)dy, y > 0, where we recall that n(y) = n(dr) with 11 the 
Levy measure corresponding to 0. Therefore, (j){u) = m + a‘^u + (1 — e““^) Il{y)dy 

or equivalently 0 E Bjy. Moreover, 0(oo) < oo if and only if a'^ = 0 and n(0''“) = 
Il[y)dy < oo, and in fact then 

(4.8) 0(oo) = r = m + n (O"'') < oo. 


(9) Let /3 > 0. Then, for any f £ B (resp. 0 E or if £ M) Tjscfiu) = + fi) £ B 

(resp. £ Bjy orTfiifiv) = ^^'0(tt+0) = u(f){u+f5) £ M). Moreover, {Tpif)' (0+) = 0(0) 
and the Levy measure 11^ associated to T^if £ J\f is given by 

(4.9) (dy) = e-f^y {U{dy) + 0n(y)dy) , y > 0. 


Proof. The proof of ([I|) is standard, see [IHl Chap. III]. Expression (j4.2l] gives (14.3|] . It 
together with (14.2p yield in turn the very first claim of item ([2]) and (14.4h . Recall that / > 0 

is strictly log-concave if log / is strictly concave and we verify that (log 0)" = ^ < 0 

on M_|_ since 0' is a positive completely monotone function and thus <f>" is non-positive, see [S] 
for more information. Differentiating the first expression of (14.3p we get that, for any u > 0, 
0"(u) = —2 f^ye~'^yfl{y)dy + u y'^e~'^yfl{y)dy. However, since 0" < 0, then |0"(tt)| < 
2 ye~^y fL{y)dy. Finally, using (14.3h we deduce that 

W'(u)\ < 2 Uye-orndy = 2 ^^ _ 2 ^, 

00 u 

and (14.5p follows from 0' > 0 on M+. The hrst claim of item Q follows from (SSI) and 
(14.3p . whereas the second one comes from the first expression for 0 in (14.2p together with the 
Riemann-Lebesgue theorem applied to the integrable on R+ function e““^y(y). The fact that 
dfj, £ (—oo, 0] is clear from lim„^_oo 4>{u) = —oo, provided 0 extends to an entire function. Item 
l)Tp can be found in [TOl Chap. III]. To prove item (l5|) we observe that the mapping u 

is positive on (0, oo) and its log-concavity property on (0, oo) is equivalent to 

= !!(: + f e~^yjl{y)dy = a‘^+ [ (y (y) + m) dy = (u) 

u u Jq Jo 
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being log-convex on (0, oo), where for brevity = 'm + ^{y) > 0, y G 1R+, and stands 

for its Laplace transform. It therefore suffices to show that, for all m > 0, 

{'i-io) (^„)" (“) + GD" (“))' > »■ 


Note that, for all u > 0, 



We deduce inequality ()4.10p from the Holder’s inequality which yields, for all u > 0, that 


{Vf^miy)e 2?^) {yVf^m{y)e 2?^) {u)T±^{u). 

Let us prove item ([6|), namely (14.61) . It is obvious when > 0 since item ([3]) holds. Let = 0. 
We use the first relation in (14.2p and the monotonicity of (p to get, for u > o > 0, 


~ ir e~^^li{y)dy + ^ ^ (u - a) e-^yjl{y)dy + m 

e-'^y-fl{y)dy + f (f>(u) 

(t>{u - g) ^ ^ ^ (pju + g) 

(p{u) ~ ~ 

{u + g) /q°° e-^^+^'>yjl{y)dy m ^ (l + t) (/o” e~^^y(y)dy f) 

(piu) - e-'^y]l{y)dy + ^ 


and we deduce (14.6p . Item ([7]) follows from [TOl Chapter III, Proposition 1]. Let us prove (14.Sp . 
Clearly, from item ([3]), </>(oo) < oo implies that = 0. Then a substitution for z = oo in the 
last expression in (14.2|] and y(dy) = n(y)dy yield that 


(?!)(oo) = m + y(0, oo) = m + / n(y)dy = m + n(0’''). 

Jo 

From (II.3p tp{0) = 0 and from ^^{u) = u4>{u) we get that = m. All other 

statements of item ([8]) follow from |44l p. 102, 9.4.7] and are standard for spectrally negative 
Levy processes. A proof of item Q can be found in [76l Theorem 2.2] for /3 = 1, in [28] or [751 
Proposition 2.1(2.2)] for /3 > 0. We only note that our definition pi.3p of ip imposes n+ = 0 
and n_(dy) = n(— dy) for n± in [78] Proposition 2.1(2.2)]. □ 


The next claim focuses on further important for our work properties of the class Bj^. We recall 
that M = Moo U A/]^, Moo n M^ = 0, where 

Moo = {V’ £ AA; > 0 or n(0’'') = ooj . 

Proposition 4.2. (1) Let (p G Bf/ such that ip G Moo then 

(4.11) hm = oo. 

u^oo (p\u) 


(2) Let cp G Bj\f such that ip G M^ then 


(4.12) 


lim 

u^oo (p{u) 


(p’ju) _ n(o+) 

(p{oo) 


n(o+) _ n(o+) 

m-|-n(0+) ^ 
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Proof. When cr^ > 0 (I4.11h follows immediately from Proposition I4.1I|3]) . i.e. </>(«) ~ (t‘^u and 
~ cj^. Assume from now on that ci^ = 0. Let lim < oo and choose C > 0 and a 


U^OO 

,.2 


sequence {un)n>i tending to oo such that lim^^oo = C* Then from this, the identity 

in (j4.4[) and the fact that when cj) G fi{dy) = Il{y)dy and p.{y) = n(y) = Il{r)dr, we 
deduce that 


CUnCj) (Uyi) 


4>{Ur 

Un 

OO 


TTL 

= (j)' {Un) H-h 

Ur,. 


e-y^-yUiy)dy. 


Therefore since trivially (j)' {un) = o {unf/)' (un)) using the second formula for (j)' in (|4.3p we get 
from the last asymptotic relation that 


poo 

CcP'iurr) = C / e-y^-yli{y)dy 
Jo 

= r 

^yU{y)dy = 

Jo 


oo m 


o-y^n^ 






y[m + n(y)j dy. 


However, this is impossible since H and H being non-increasing on M+ determine the behaviour 
of the integrals above, asun ^ oo, solely via their local properties at zero and when H (0"*“) = oo 
then m -|- n(y) = o (n(y)). Indeed, note that, for any e > 0, 

— n(y) _ /; n(r)dr + n(r)dr ^ _ (e - y)U{y) + n(r)dr ^ 

lim =— = hm — -=- < hm-=- - - < e, 

y^o n(y) y^o n(y) y^o n(y) 

and hence n(y) = o (n(y)). Relation (j4.12p follows immediately from the identity u'^(f>'{u) = 
/o°° G~'^yyli{y)dy, which is the second relation in (14.3p with ii{dy) = Il{y)dy. □ 


4.2. Products of Bernstein fnnctions: new examples. There are many well known and 
fascinating mappings leaving invariant the set of Bernstein functions, that is B, and we refer 
to |92] for a nice account on these transformations. In this part, we show, through some sub¬ 
stantial examples in our work, that products of some non-trivial subsets of Bernstein functions 
remain in the set of Bernstein functions. This simple transformation, which surprisingly does 
not seem to have been studied and used in the literature, plays a critical role in our develop¬ 
ment of the concept of reference semigroups. Indeed, this invariance allows us to identify a 
subset of gL semigroups which intertwines with a specific reference gL semigroup and whose 
intertwining operator is a bounded operator between weighted Hilbert spaces. Although we 
present this property for a two-parametric family of Bernstein functions, the approach can be 
easily extended to a more general framework and we believe that this idea of product factoriza¬ 
tion may be useful in a variety of contexts where the Bernstein functions appear. For example, 
since with each 4> G B we associate a potential measure T on M+ via the identity 

(4.13) = [ e"“^T(d?/), u > 0, 

nu) Jo 

see ProDositioi I4.1l|H) . if (^ = (Ji4>2 with 4>i,4>2 £ B, then T = Ti * T 2 , where * stands for 
the additive convolution operator and Ti,T 2 are the potential measures associated to 4 >i,(t) 2 - 
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Recall from (ll.lSp that, for any a G (0,1], m > 1 — ^ and n > 0, we have 

lR I \ rpan + am + l) , iR ( \ , 

— and (PmW = 9imW = u + '^- 


r(att + am + l) 

“ r(au + am + 1 - a) 


r(am + 1) 


We proceed with the following simple but useful result. 

Lemma 4.3. Let a G (0,1) and m > 1 — Then 

1 1 
(4.14) 05„(u) = - -J 

’ i (1 — aj Jo 1- (cKiTi + 1 — aj 

and its associated potential measure defined via ()4.13l) is absolutely continuous with a density 
given, for any y > 0, by 


G Bjy, 


(4.15) 


Ua,miy) — 


r(Q; + 1) 

where nxc = (am + 1 — a)/a > 0. Moreover, Ua,m non-increasing, convex on M_|_ and solves 
on M_|_ the differential equation 


(4.16) 


= -Ua,m{y) -1) 


Proof. First, from the integral representation of the Beta function B, see [641 (1.5.2) p.l3], we 
get, for any a G (0,1) and u > 0, 

r(tt + a) nB(u + a, 1 — a) 


u 




T{u) 


>0 


r(i — a) r(i — a) 

“ r £-«+!>''(l-e-i)'°d.!, 


(l-r)-“ dr 


ar(l — a) Jo 
1 


r(l - a) 

1 


f 

f 

Jo 


Ml 


1 — e ^(1 — 


dil- 

—a—1 


e 


dy. 


r(l - a) 

Using the above relation twice with au + am — a + 1 and am — a + 1 standing for u, we get, 
after some easy algebra, that 

r(an + am + l) r(am + l) 


1 /*^ 1 

-- / (l-e-“^)e-('^+-)^(l-e--)-“-My. 

- a) Jo 


r(au + am + l —a) r(am + l —a) r(l— 

Thus we deduce the first claim after easily checking that y 1*^(1 — is non¬ 

increasing on M+. Next, from the integral representation of the Beta function again, valid here 
for any au + am — a -|- 1 > 0, we get that 

/•CO 1*1 

/ e-“^e-’"“^(l-e--)“-My = a n““+“’"-“(l - n)“-Mu 

Jo Jo 

r(a + l)r(an -|- am + 1 — a) r(a + 1) 
r(an -b am + 1) 

and (|4.15l) follows from (|4.13l) . The other claims are obvious. □ 


43 


























For any (p G B set n > 0. The next statement furnishes a set of sufficient 

conditions on cp G B for which £ 13. Recall that A/p = {V' € M; ci^ > O}. 


Proposition 4.4. (1) Let ip G A/p with n(0’'') < oo. Then for any m > m = 

the mapping G B. Moreover, if there exists Uq > 0 such that 

’ip{—Uo) = 0 then Uq < -^ red with identity if and only f/n(0''“) = 0. 


(2) Ifip G Np then, for any a G (0,1), ^ = inf jy > 0; (e- - l)n (|) > cr^T^j E (0,oo] 

and 4*0,m G B for any m > ^ - hi--. Otherwise, if ip G Af \ A/p and there 

exist a G (0,1), m > 1 - i such that, supy>o infAe(o,i) + u^,'I{Ay) - 

G B. 


Proof. From Proposition [lT]|3D lim„^oo ^m('w) = = lim,,^oo ^ = cr'^ and 

‘&m(0) = ^ > 0. Put ent(y) = e~™y, y >0. Next, an integration by parts yields 


(pju) 

M + m 


(4.17) 


m 9 tt 


u 


/ 


tt + m n + m u + m Jq 
m 2 ^ 


+ cr' 


tt + m M + m 

roo 


+ U 


f 


e-^yUiy)dy 
e"“^n*en,(?/)dy 


m 


m 


+ 


poo 

/ 

Jo 


— e 


-uy-^^-my 


mcj^ — m + xn J e'^^n(r)dr — e'^^n(y) ] dy. 


Since II is non-increasing, we have, for all y > 0, m e^^Ii{r)dr > n(y) (e’^^ — 1) and thus 

mcr^ — m + mjQ e^^Il{r)dr — e"'^n(y) > mcr^ —m — n(?/) > mci^ — m — n(0'''), which gives the 
first claim of item[TJ Next, since Uq > 0 and xp{—Uo) = —Uoi;/>(—U q) = 0, an application of the 
first identity in (I4.2p with jl{y) = n(y) since (p G Bj\f, yields that 


(T^Uo = p{—Uo) + a^Uo = m — Uq / e''°yn(y)dy < m. 

Jo 


This completes the proof of item [TJ Next, assume that cr^ > 0. Our general assumption 
fo y)Ii[dy) < oo implies via twice integration by parts that 


(4.18) 


I—, 


Ii{y)dy = / y Ii{dy) + n(l) -11(1) < oo. 


Then the fact that II is non-increasing on triggers (e^ — 1)11 (|) ~ ^11 (|) = o(l) and 
hence y^ G (0,oo]. Choose first ma = a(m-|-l —a) > 0 and observe from (jd.l.ip and the 
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definition of Ua^m that 


, , (hiu) ,, , r(an + am + 1 — a) 


4>§^^{z) T{au + am + 1) 

( poo _ \ poo 

m + a'^u + u J e"“^n(y)ciyj J e~^yUa,m{y)dy 

poo poo 

= rn Ua,m{y)dy + (1 - e"“^) {-mUa,m{y) - cr‘^U'^,miy)) dy 


I 


0 

CO 


+ u e '^yil-kUa,m{y)dy, 


where 0 < Jq°° Ua,miy)dy < oo and the terms of the integration by parts vanish since from 

(!4.15D we have that Ua,m{y) ~ ~ r(a+i) and mo, > 0. Using (14.161) 

put, for y > 0, 


-mUa,m{y) - a‘^U'^ ,^{y) = 


cr mo, — m + cr 


1 1 — a 


a 


(e“ - 1) C^a,m(y) 


(4.19) = Ua,m{y)Ua,m{y)- 

Then another integration by parts for the very last term in <hQ,^n, above yields 


poo poo 

^a,m(w) = m Ua,miy)dy+ / (1 

Jo Jo 


-e (ua,m{y)Ua,m{y) “ ) dy. 


Indeed, the asymptotic relations for Ua,m above allow to deduct that the boundary terms in 
this integration by parts do not contribute since from 1 — ~ uy and 1 — ~ 1 


ry — 


(4.20) limy / Il{y - r)Ua,m{r)dr < lim I yll + y /" n(r)dr sup Ua,m{r) I =0 
y^o Jo y^o \ \2J Jq - - ' 


r&[^,y] 


lim [ Il{r)Ua m{y —'i")dr < lim (llf-') [ Uam{y — r)dr + e "’“a f Il[r)dr 
y^ooJo ’ y^oo y V2/J| ’ Jq ^ 


< 


poo 

I fri(r’)(i' 

Jo 


r lim n (y) 


y—>oo 


(4.21) 


+ lim e ""“a 
y—^oo 


J Il{r)dr + n(l)y^ = 0. 


u(^)+m 


Next, choose m > 1 — ^ so large such that ma = (am + 1 — a)/a > ^ - and hence we get 

from (|4.19p and the definition of y that Ua,m > 0 on M+. Since 


= m 


j Ua,m{y)dy + j (1 -e “^) ^Ua,ni(y)Ua,m(y) - (n*[/«,m(y)^ ^ 


dy 
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n*a 


we aim to show that \^a,m{y)Ua,m{y) — Ua,m{y)j J defines a density of a Levy measure. 
For this purpose, for any A G (0,1), put ija = Ay and = (1 — A)y. Then 

'' fy^ = fy = \' 

/ n(y - r)Ua,mir)dr + / U{y - r)Ua,mir)dr 
kJo JyA / 

'VA — rVA — \' 

Il{y - r)Uc,m{r)dr + J Il{r)Ua,m{y - r)dr j 

— rVA _ rVA — 

(4.22) = Il{yA)Ua,m{yA) - Il{y-r)Ua,m{r)dr+ n(r)[/^ - r)dr. 

Jo Jo 

Since n(r) = Il{v)dv, r > 0, and as Ua,m is non-increasing, we get that 

= rVA _ _ rvA _ 

^{yA)Ua,m{yA) - Il{y - r)Ua,m{r)dr < Il{yA)Ua,m{yA)-Ua,m{yA) Il{y - r)dr 
Jo Jo 

= U{y)Ua,m{yA)- 

Thus, since < 0 on M+, see (|4.16p . from (I4.22p we deduct that 

(4.23) (n*[/„,„,(y))' < n{y)Ua,m{yA) +J^^Wr)K,Jy-r)dr 

< U{y)Ua,m{yA) + n(yA) {Ua,m{y) “ Ua,m{VA)) • 

Next, from (14.231) we observe that, with 

FA{y) = (n(y) - n(yA)) Ua,miyA) + (n(yA) - Ua,miy)^ Ua,miy), 

(4.24) (ji-*^Ua,m{y)^ - Ua,m{y)Ua,m{y) < ^Aiy) < (j^{yA) - Ua,m{y)^ Ua,m{y) ■ 


1 _ n(=^j+m 

Choose A = -^ and thus yA = yA = y/2. As long as rria = (am + 1 — a)/a > ^ - due to 

the definition of Ua,m{y), see (I4.19p . and p4.24p . we have, for all y > 0, that 

''ll-kUa,m{y)j -Ua,m{y)Ua,m{y) ^ (y) < (h - UQ,m(y)) L'„,m(y) 


fy\ f Ua \ \ J 2 


< I (n(^)-n(^i i-u^ \ ^ , \u^Ay)- 

a (ea — 1 


Obviously from the fact that 11 is non-increasing and a < 1 the right-hand side is non-positive 
for y > y^, whereas it is also non-positive for all y < y^ thanks to the definition of y^ = 

inf |y > 0; (e« — 1)11 (|) > G (0, oo]. Therefore, 


fiy) = - n * Ua,miy) + Ua,miy)Ua,miy) > 0 . 
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To show that f{y)dy defines a Levy measure of a Bernstein function we first observe from (14.151) 
and ( | 4.19p that limy^o yua,m{y) = 0-^(1 - a), Lmy^oo «a,m(y) = - m > 0, Ua,m{y) ~ 

and these imply that 

POO 

/ (1 A y)uQ,m{y)Ua,m{y)dy < OO. 

Jo 

Secondly, ()4.2nh and (I4.2ip allow via integration by parts to obtain that 




n*i7, 


a,m 


dy 


[ Il*Ua,m{y)dy = [ Ua,m{y) [ Il{r - y)drdy 
Jo Jo Jy 


< 


/ Ua,m{y)dy / n(y)dy 

40 40 


< OO. 


Indeed, the finiteness of Ua^m{y) has been discussed above, whereas II(y)dy < oo is (|4.18p . 
Thus J^{lAy)f{y)dy < oo. Therefore, is a Bernstein function with Levy measure f{y)dy. 
When (T^ = 0 we have that Ua,miy) = —m, 'Jy > 0, see (j4.19p . Using this from the first inequality 
of (|4.24p we then get that, for any 0 < ^4 < 1, 




Q;,m 




- u, 


,,m{y)Ua,m{y) < (^Ll(yA) + Ua,m{yA) f ^ “ 1 + 


^n(yA) +m 


^a,miyA) j 


Since f{y) = - [Jl-k Ua,m{y)j + Ua,m{y)Ua,m{y),'Jy > 0, then /“(I A y)\fiy)\dy < oo follows 
as in the case cr^ > 0. It defines a Levy measure if the third factor above is non-positive for all 
y >0. Thus, G S if sup^>o inf Ae(o,i) _ -1- 


n{(l-A)y)+m Uc,,xn{Ay) 


< 1 . 


□ 


4.3. Useful estimates of Bernstein functions on C+. In this part we derive estimates for 
some functionals of Bernstein functions. We introduce the notation 

Ab/(a) = f{a + ih) - f{a), 

^ if {a + ib) - f{a)) + (/(a -h ib) - /(o)) = A^/(o) zAf/(a), 

d'' 
dx^ 


and, we recall that, for any fe > 1, 


Lemma 4.5. Let (j) ^ B. 

(1) Let 6 G M and a > 0. Then, 


(4.25) 


(4.26) 


0 < A^0(a) < ^ |(/>"(a)| and Af(j){a) < \b\ \cj)'(a)] , 


and, for k > 1, 


A^(()W(c 


< 2 




and 


Af,^W(a) < (a) 
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(2) Finally, we have, for any u > 0, 


(4.27) 


Wiy + ib)\ 

\(l){y + ib)\ 

W{y + ib)\^ 

\(j){y + ib)\‘^ 


dy<Vlo[ 

J U 


dy < 10 


(piy) u 


2 

Proof. First, using the inequality 1 — cos{y) < ^, we get that 

/ oo poo 

(1 - cos{by)) = — 

and the first inequality in ()4.25p follows. Similarly, for any k > 1, we have 



POO PC 

= / (1 - cos{by)) < 2 

Jo Jo 


y^e < 2 




which provides the first claim of (j4.26p since, for A: > 1, y^e~°‘^yi{dy) is integrable on M+. 
The imaginary part estimates, that is the second claims of (|4.25H and (j4.26p . follow by similar 
computations completing the proof of the first item. The second inequality in the first and 
second lines of (j4.27p follows from cf'(a)/<f>{a) < 1/a and f {a)/(j){a) <2jaf according to (j4.4p 
and (14.5p . Let now b ^ 0 and write 


I (/"(a + ib)\ 
\4>{a + ib)\ 


\r{a)\ 

1 1 At,0"(a) 

« |(/"(a)| 

Vw 

(j){a) 

1 , A60(a) 
0(a) 

(j){a) 

1 1 


< 


Vw 


W'{a)\ 

4>{a) 


This gives the first inequality in the first line of (|4.27p . To conclude the proof of the lemma 
for the first inequality of the second line of ^4.270 we use p4.26l) to get that 


\^'{a + ib)\ _ <j)'{a) 

1 , A60'(a) 
0'(a) 

™ 0'(a) VlO 

(/>(a + i6) (t){a) 

1 1 A50(a) 

“ (fia) 1 1 ^®0(a) 

0(a) 


033 

</>(«) 


□ 


The next result provides additional estimates about some specific quantities. 

Lemma 4.6. Let cj) G B/,/. Then, for a > 0, 6 > 0, and some constants 0 < C < D < oo. 


a^b + (e ™ - e 


—7ra 27ra 


TT TT 

)/ sm{by)U{y)dy < Af (f){ba) < a^b + b [ yU{y)dy, 
Jo Jo 

Cb'^ fi o— ® — 2: 

—^ / y TL(y)dy < Aff>(ba) <Db yU{y)dy + — 
^ Jo Jo ^ 

Af(j){ba) < b'^\(j)''{ba)\ and Af4>{ba) < b4>'{ba). 


(4.28) 
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Proof. We set = 0 as otherwise we simply add a'^b in the first line of (j4.28l) . Then, splitting 
in the periods of sin(6y) and using the fact that 11 is non-increasing we get that 


POO 

Af4>{ba) = / sm{by)e~’’y'^U{y)dy 

Jo 

CO 

= E 


— 2k7Ta 


> 


k=0 

0 . 


b sm(by) (— ( 2kTT\ 


ohya 


— e 






Furthermore, picking the term when A: = 0 proves the left-hand side of ()4.28p since IT is a 
non-increasing function. For the upper bound, we use the following estimates obtained from 
the expression above by using the properties of 11, 


Af(l){ba) < 

k=0 ' 


sm{by) 

pbya 


—2k'Ka-[ 


n y + 


2A:7r\ 


- e-2(*^+i)™n ( y + 


{2k 2)7r 


dy 


= [ sm{by)e ^y^U{y)dy < [ sm{by)U{y)dy <b [ yn{y)dy 

Jo Jo Jo 

and we achieve the first part of (j4.28p . The second part is trivial. The last statement follows 
by just considering (j4.25l] with a replaced by ab. □ 
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5. Fine properties of the density of the invariant measure 


The development of the spectral expansion of gL semigroups requires a variety of detailed 
information on the density v of the invariant measure. For instance, the existence of co¬ 
eigenfunctions, that is when does, for some n G N, Vnix) = £ L^(u)?, hinges on 

smoothness properties and precise estimates for the large and small asymptotic behaviour of 
u along with its successive derivatives. Unfortunately, the only information on the invariant 
measure that one can easily extract from the literature is the expression of its entire moments, 
see (I5.14P below, from which it seems delicate to derive the sought fine distributional properties. 
To overcome this difficulty, we shall point out, see Proposition 15.81 below, that the set of 
invariant measures of gL semigroups is in fact closely connected to a subset of the class of 
distributions of positive self-decomposable variables, a substantial family of random variables 
which has been thoroughly studied in the literature. We are going to take advantage of this 
relationship to derive for u some of the properties mentioned above. However, for our purpose, 
we shall need to deepen in different directions the study of this subset of self-decomposable 
variables obtaining results of independent interest. More specifically, in this Chapter, we derive 
new fine distributional properties including the small and large asymptotic behaviour of the 
densities along with the successive derivatives of this subset of self-decomposable variables. We 
mention that the results presented here will be used at several places throughout the rest of 
the paper, justifying our choice to gather them in one chapter. 


We start by stating the following series of substantial results on the density v of the distribution 
of the positive variable ^ M, whose law is, according to Proposition 12.6lfT]i . the invariant 

measure of the associated generalized Laguerre (gL) semigroup. The Mellin transform of U/, is 


denoted by M.v^ ■, i-e. i^) = x^~^v{x)dx, z G We also recall that r = </> (oo) with 

(j) (oo) = oo if > 0 or n(0''“) = oo oi (j) (oo) = n(0''') -|-m otherwise, Nr = 2^^ _ i g [q, oo] 

with the convention that Nj = oo when n(O^) = oo and = sup{u < 0; (p{u) = —oo or (p{u) = 
0 }. 


Theorem 5.1. Let ip G M and recall that ip{z) = z4>{z) with cp G 


(1) A4v^ G o.iT'd -Mv^ is solution to the functional equation 

(5.1) Mv^iz + 1) = (p{z)Mv^{z), with Mv^{l) = 1, 
valid for z G 

(2) The mapping of moments of order greater than —1, that is u M.y^{u), is the unique 
positive, log-convex (i.e. logAly^ is convex) solution to the functional equation dSI]) 
on M+ and 

(5.2) -I-1) ~ C'^A/((>(u)e‘^(“\ 
where > 0 and G{u) = In (j){r)dr. 

(3) Finally, for any real number u < max(Nr — 1,0) and any a > d(j,, we have that 

(5.3) |Mv,(a + i5)|^=^o(|6|-“). 
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The proof of items ([T]) and (ED of Theorem 15.11 is given in Section 15.1.11 whereas the proof of 
Theorem 15.11 (pD is postponed to Section 15.31 We proceed with the following results regarding 
the smoothness properties of v. 


Theorem 5.2. (1) SuppV^ = [0, t] and v > ^ on (0,r). 

(2) (a) If Ip ^ Afoo then u ^ 

— 1 > 1 then V G and, in any ease, 

jy(Nt) g c(M_|_ \ {r}) and the mapping x (t — (x) G C(M_|_) with lim 2 ;^r(t — 

= 0. Consequently, for any V’ G N, v G C^''(0,r). 

(e) Moreover, i/ 0 < Nr < oo, then for any n = 0, 1, ..., Nr 

(5.4) ~ C(r - x)-^~"'~^l (r - x) 

where C > 0 and I is a slowly varying function at 0. 

(3) Ifxp G Ms, thenu G i-e. itis holomorphie in the sectorC{Q^) = {z G C; | arg^l < 

In particular, if ip G Mp then v G ^(o,oo) = (f) • 


(h) If f) G MPf^ with Nr = 


n(o+) 


Remark 5.3. The proof of the item ([3D, which follows directly from a classical argument on 
Mellin transform described in (11.371) . requires the estimate (|6.46p along imaginary lines of the 
Mellin transform of u which is given in Proposition 16.121 Note also that the last claim of item 
([3D is deduced from the previous one combined with Theorem 16. 10t 2(bli). Although the proofs 
of these estimates are given in Remark 16.131 for sake of completeness and clarity, we state the 
analyticity property of u here. 


Items CD, EED and (l2cl) are deducted in Section 15.2.31 whereas item ([2aD is settled in Sec¬ 
tion 15.3.21 The next result describes small time bounds and in some cases small asymptotic 
behaviour of u. 

Theorem 5.4. Let ip G M. For any a < d^j,, A G (0,r), there exists Ca^A > 0 such that 

(5.5) i^(x) > Ca,AX~-, X G (0,A). 

Moreover, if m = (p{0) = 0 and (p'{0'^) < oo, then there exists C > 0 such that 

(5.6) u{x) ~ C = J^(0’^). 


The proof of Theorem 15.41 can be found in Section 15.2.51 

Theorem 5.5. Let ip G Moo,oo = {ip G M] > 0 or n(0''') = oo}. Writing ip ■. [m = 

(/>(0), oo) [0, oo) for the continuous inverse of the continuous increasing function cp, i.e. ip {4>{u)) = 
u, then there exists > 0, such that for any n G N, 

(5.7) ~ (—x)~"' ^^ ^Jip'{x)pA{x)e~ . 

V 27r 


In particular. 
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(5.9) 


(1) if & Mp then with a := a ^ > 0 there exists > 0 such that 

where 0 < (po{y) = o(y). IfH G i?Vi+Q,(0), a G (0,1), see (11.351) for a definition, then 
^Po{y) ~ d'°‘ar (1 — a)y°‘l{y) and z/n(0+) < oo then (pi{y) ~ n(0+) ; 

(2) if 'Ip ^ Afa, i.e. ip{u) ~ CaU^~^^, Cq > 0, a G (0,1), then, there exists > 0 such that 


The proof of these claims is given in Section 15.61 and it hinges on a generalization of a non- 
classical Tauberian theorem which was originally derived by Balkemaa et al. |3] and we establish 
its new version in Proposition 15.261 

Remark 5.6. Let d be the density of the positive self-decomposable law discussed in Section 
O Our result (j5.7p is in fact a consequence of the small time asymptotic for d as presented 
in (j5.48p of Theorem 15.241 via Ti(x) = x~‘^p{x~^), see (j5.12p . 

Remark 5.7. Note that when <p{u) = u then = e~^,x > 0, which is consistent with (15.71) 
with In general, it is not clear how to compute precisely. This fact is due to 

the unknown constant appearing in [1031 Theorem 6.3.]. 


As mentioned above the proofs of these results rely on a connection between the distribution 
of and the one of a positive self-decomposable variable that we now describe. 


5.1. A connection with a remarkable class of positive self-decomposable variables. 

We recall that a (real-valued) variable X is self-decomposable, or of class £, if for any a G 
(0,1), there exists an independent random variable Xa such that the following random affine 
equation 

A aA + A„ 

holds. This class of variables plays a substantial role in probability theory as they arise in 
limit theorems for (properly normalized) sums of independent (not necessarily identically dis¬ 
tributed) random variables. There is an important literature devoted to the study of their fine 
distributional properties and we refer to Sato’s book [90] and the paper of Sato and Yamazato 
m, and the references therein, for a thorough account. In particular, in m, a deep analysis of 
their probability distribution functions, such as smoothness properties, asymptotic behaviour 
at the lower end of their support, ultimate log-concavity property of the density, is carried 
out. This part aims to complement significantly this analysis for specific subclasses of £ to the 
benefit of our spectral-theoretical study. 

In [901 Corollary 15.11], another interesting characterization of the class C is presented as a 
subclass of the infinitely divisible random variables (recall that a variable Y is infinitely divis¬ 
ible if for every n G N \ {0}, there exists a sequence {Yi^k))i<k<n of independent and identically 

distributed variables such that Y *"= Yl'k=i^{k))- ^or our purpose, we simply focus on the 
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subset £_|_ of positive self-decomposable variables whose Laplace transform takes the form, for 
any u> 0, 

(5.10) — logE = c/){u) = 6u + [ (l — 

Jo y 

where <5 > 0 and it is a non-negative and non-increasing function such that K{y)dy < oo. 
Since y e->■ is non-increasing therefore 0 G Before stating our results, we introduce 

some further notation. We denote by 


M{m) = {V' € AA; (O’*") = (/> (0) = m > 0} . 


Then, we set 

(5.11) 


dih — 


f 


dt 


where {^t)t>o is a spectrally negative Levy process with Laplace exponent V’ £ M{m) and 
/^ < oo a.s. since from the strong law of large numbers lim^^oo y = m > 0 a.s., see e.g. m 
Proposition 1]. This positive variable is called the exponential functional of the Levy process 
^ and has been the object of intense research over the last two decades. A review including 
motivation for its study is given in Section 16.11 Our interest in considering the variable 
stems from the following result which explains its intimate connection to V^. 


Proposition 5.8. (1) For any V' £ M{m), G £+. Thus, the law of is absolutely 

continuous with density denoted by v. 


(2) We have, for any x > 0, 


(5.12) 



with ui the density of Iji^, where we recall, from Proposition that Titpiu) = 

u(j){u -|- 1) G Moreover, lim^^oo = hm„^oo'^('u + 1) = 4>ioo) and with 

the notation Hi for the Levy measure o/TiV’ then ni(0''') = n(0'''). 


(3) For any if G M, both variables Iji^ and are infinitely divisible. 

Remark 5.9. Note that the item ([3]) reveals a remarkable property that is enjoyed by the class 
of positive self-decomposable variables considered in this Chapter. 


Proof. Although the first claim is a well known fact, for sake of completeness, we provide its 
short proof. Writing, for any a > 0, Tq = inf{t > 0; > a} and observing by absence of 

positive jumps for that £,Ta = o a.s., we get after performing a change of variables 


r (1) 
J-xj; — 


Jo JTa Jo Jo Jo 






where on the right-hand side is independent of e ^^dt as from the strong Markov property 
for Levy processes, see e.g. m Proposition 1.6], the process {f,Ta+t — ^Ta )t>o is a Levy process 
distributed as ^ and independent of {f,t)o<t<Ta^ see Section r5. 2. II for details. Hence G £+. 
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Thus, its law is absolutely continuous on ]R_|_, see e.g. [90l Theorem 27.13]. For the proof of 
item (|2]) we invoke [El Proposition 2] to get that 


(5.13) 


E 



V^'(o+) 


(n — 1)! 


4>{^)W^{n), for any n = 1, 2 ... , 


where for the last identity we used that = lim^j^o = limu4,o = </>(0) and 

the definition of see (ll.lSp . Next, note that Tiipiu) = u(p{u + 1) and thus the claim 
lim^^oo = 4’{oo), in ([2]), is obvious. From (j4.9p . we have that ni(y) = e~^{Il{r)dr + 

n(dr)) = e“^n(y), whereby we deduce the very last claim. Finally, observe, from (I2.20p for 
the first identity and from (I5.13P for the last one, where we use the notation (j)i{u) = (j){u + 1), 
that, for any n = 1, 2,... , we have that 


n—1 


(5.14) E [V:^] = W^n + 1) = </.(!) J] (/){k + 1) = </.i(0)lF^, (n) = E 


k=l 


'riv> 


Since is moment determinate, the proof of (15.121) and thus of ([2]) is completed. The last 
claim follows easily from the fact I-ji^ is self-decomposable and hence infinitely divisible and 
from [98] where it is shown that the variable V)/, is a multiplicative infinitely divisible variable, 
that is, in particular, X-j^^ is infinitely divisible. □ 


5.1.1. Proof of Theorem \ 5. and ([2l). In the proof of |15l Proposition 2], the authors show 
that for any n E N 


(5.15) 


E 


'—n—1 

Tiip 


TMn] 


E 


n 


TiV 


n(j){n + 1) 


E 


n 


'Til/; 


= (f{n + 1)E 


'TiV 


For completeness we replicate their proof valid also for 2 ; E i.e. 5R(2;) > — 1 or 

when (j){z + 1) is well-defined. Set It = e~^‘‘ds, t > 0, where ^ is a Levy process with 

exponent Titp, see Proposition 14.11|^ and (I5.2ip . For any z G C, = z fg e~^’’Ij^~^ds. 

Moreover, from Section [5.2.11 It = with Iq = Ij-^^ independent 

of From (|5.2ip E [e^^*] = and it is finite whenever Tiif>{z) = z(l){z + 1) exists, 

i.e. z E Then upon taking expectations we get 


E [ir - /o "1 = (e - 1) E [4-1 = ^E [4-^-1] 


E 


TMz) 






E 


ds 




- 1 ) E [ 4 — 1 ] 


that is the complex version of p5.15p . Since E 


'TiV' 


TMz) 

= 1 and (|5.15p links the moments recur¬ 


rently, E 


'riv> 


< 00 , for all n E N. By moment determinacy the identity E 


in (I5.14P extends to 2 ; E which together with (|5.15l) deduce (|5.ip . i.e. item ([T]) with 


vv- 

= E 

T-n 

Lib. 

e. item ([T 

) with 


MvJl) = E 


F' 






u—l 




as the 


= 1. Next, recall that the mapping u Aiv^{u) = E 

moments of order greater than —1 of a positive random variable, is a positive and log-convex 
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function on M_|_. However, from items ([2]) and ([6|) of Proposition 14.11 for any </> G H, the map¬ 
ping u is positive and strictly log-concave on (0, oo) and the limit in (j4.6p holds. This 

means that the mnltiplier cj) in (|5.1I) satisfies the conditions of [1031 Theorem 7.1], which states 
that the functional eqnation (I5.ip has a nnique, positive, log-convex solntion on M_|_. However, 
the same conditions on (p trigger the validity of [1031 Theorem 6.3] and we complete (15.2p and 
Theorem 15.111^ . 


5.2. Fine distributional properties of In this part we state some properties on the 
density of the distribution of the variable - one regarding its smoothness and the other its 
large asymptotic behaviour. Since the proof of both results hinges on techniques based on the 
fluctnation and excursion theory of spectrally negative Levy processes, we proceed by recalling 
some essential facts on this topic which will make the proofs more legible. For any ^|J G M{m), 
write = —Inl^ and denote by y its density, that is 

(5.16) y(x) = (e“^) , x G M. 

Next, recall that Moo = {ip & M] cr^ > 0 or n(o+) = oo} and 

Moo,oo = |'0 £ AA; cr^ > 0 or H (O'*") = oo| . 

We use in the sequel 

Mooim) = AAoo nAA(m), Mp^{m) = Mp^f^M{m) andAA^^^Pm) = M{m) \Moo,cx,{m). 


Proposition 5.10. Let ip G M{m) and recall that ip{u) = u(p{u), with cp G Bj\f. 
G £+, with the notation of (|5.10p . we have, for any u>Q, 

(5.17) - logE = p(u) = 6u+ [ (l - 6-“?^) '^dy, 

Jo y 


where 


Then, since 


( 1 ) 

( 2 ) 

(3) 


(5 = } > 0, where we recall that 0 < r = p{oo) = n(0''') -|- m < oo. Thus, S > 0 if and 

only if Ip £ A/’(^oo(m). Moreover, k(0''') = oo {resp. 0 < k(0''') = < oo) if and 

only if Ip & Mooing) (resp. ip G Mf^{m)). 

Supp/.0 = [7,00). 


Next, V G C°°(M) if and only if ip ^ Moopm). Otherwise, i/l<Nj<oo,PGC 


Nr-l 


where we recall that = 


n(o+) 


— 1 (with Nr = 00 whenever n(0''') = 00 ), and. 


in any case, G C(M \ {}}) and the mapping x 1 -^ (x — G C(M) with 

lima;^i(a; — 7)p(^')(x) = 0. 


(4) Moreover, i/ N^ < 00 , then for any n = 0,1,... , N^ 

i n(o+) 

(5.18) T^”'^(x) ~ Cxr ' " } 

where C > t), x^ = x — \ and I is a slowly varying function at 0. 


(5) The statements concerning the support and smoothness properties on v hold in a similar 
way for y as defined in (|5.16ll . 
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We proceed by providing very useful results concerning the asymptotic behaviour of v at infinity. 
Recall, from (jl.l9|) . that = sup{u < 0; (j){u) = —oo or = 0} < 0. 

Proposition 5.11. Let ^ G M{m). 

(1) For any a < d^, A > ^, there exists a constant Ca,A > 0 such that 

(5.19) v{x) > Ca,AX°‘~^^ xG(A, oo). 

(2) Assume that there exits Uq > 0 such that ye“°^n(dy) < oo and 'ip{—Uo) = </>(—Uq) = 
0, then there exists a constant Cuq > 0 such that 

(5.20) Fix) ~ Cuo 

Remark 5.12. If in (I5.20p can be made explicit then it is an evaluation of the so-called 
Kesten’s constant, see [60], for an affine random equation solved by /^. We shall achieve this 
in the forthcoming work [81]. However, for our purpose, the weaker estimate (I5.19P suffices. 

We prove the Proposition 15.101 and Proposition 15.111 in the subsections 15.2.21 and 15.2.41 respec¬ 
tively. In what follows, we review several aspects of Levy processes which play a central role in 
their proofs and are also useful throughout the rest of the paper. We refer to the monograph 
m for a nice account on Levy processes. 


5.2.1. Spectrally negative Levy processes, fluctuation and excursions theory. A spectrally neg¬ 
ative Levy process is a real-valued stochastic process, ^ = i^t)t>o^ defined on the probability 
space (H, P), which can jump downwards only and possesses stationary and independent in¬ 

crements, i.e. — is — it-s', for 0 < s < t, and it — is is independent of iiu)u<s- Every general 
Levy process and in particular every spectrally negative one, has the Levy-Ito decomposition 
it = mt + aBt + Zt, where m G M in accordance with (II.3p . B — iBt)t>Q is a Brownian motion 
independent of the pure jump process Z = iZt)f>Q- There is a natural bijection between the 
subclass of negative definite functions M, see (11.41) . and a large subclass of spectrally negative 
Levy processes via where cr^ is the variance of B and H describes the intensity and the 

size of the jumps of Z. For the class M, see (II.4p . which is the focus of our paper, we have the 
bijection between ip ^ N oi the form 


(5.21) 


InE 



^2 t-oo 

ip{z) = mz +—z^ + / ie~^'^ — \ + zy)Yiidy), z G zM, 

2 Jo 


and i spectrally negative Levy process with m = ip'fd'^) = E [^i] G [0, oo). In the setting 
of Levy processes m > 0 gives limt^oo it = oo P-almost surely (a.s.) and m = 0 leads to 
lim it = — lim it = oo a.s.. It is clear from ()5.2ip that ip G -Argoo)- Moreover, for a > 0, 

i^-oo t^ao 

Ip G M(_a^oo) if and only if Vu G (—o, 0), |E | < oo which is equivalent to 


(5.22) 


/ ^ 

Jy>l 




< oo. 


see cni Chap. I]. The restriction of ip on the real interval (—a,oo) is clearly a convex function 
and Ip is zero free on (0,oo). The analytical form of the Wiener-Hopf factorization for ip £ J\f 
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reads off as follows 


(5.23) = z(t){z), z € C[o,oo), 

that is (|1.9I) . It has the following probabilistic interpretation through the identities 


(5.24) 


InE 




= z and InE 


-ZT}^ 




where = {vr)t>o ^ possibly killed subordinator, that is a non-decreasing Levy process 
possibly killed at an independent exponential time, known as the descending ladder height 
process, and, the ascending ladder height process = {'qf = t)f>o is a pure drift process. We 
note that for 'll; € AA, is never killed. We record that 


(5.25) 


4>{z) = m + a‘^z + 


r 


1 — e 


-^y)u{y)dy, 


that is the classical Bernstein function alreadv defined in (ll.lOh. Hence (T^ > 0. riy A 
l)Il{y)dy < oo and m > 0 is the killing term of q since lim = oo which in turn is due 

t^CO 

to V’ £ Finally, 4>{oo) < oo if and only if n(M_|_) < oo if and only if q~ is a compound 
Poisson process, see [TOl Chap I]. Next, define ^ = {^t)t>o = {s^Ps<t^s — , which is 

known as the reflected at the supremum Levy process. It possesses a local time at 0, i.e. a 
non-decreasing (in t > 0) family of continuous functionals i = (it)t>o such that i increases 
only on the closure of the set {s > 0; = 0}, that is on the closure of the set of times when 

a new running supremum is attained for The inverse local time at 0 of ^ is defined, for 
any t > 0, as % = inf{s > 0; > t}. We know that °q,q) = {q^,q)a.s. and thus the 

process {^oq,q) determines a bivariate subordinator. Furthermore, with the reflected process 
^ one associates excursions away from the supremum (loosely speaking the piece of path of ^ 
between successive suprema) in the following manner. Write, for any t > 0, e* = 

where ( = C(^) = mf{s > 0; _|_s = 0}. e = {et)t>o is the excursion process which forms 

a Poisson point process in the space of right-continuous functions with left limits (for short 
rcll). Its Poisson measure n lives on the sets of rcll functions and is referred to as the excursion 
measure. ( is called a lifetime of an excursion. We use the formula n(T(e)) = F(uj)n(duj) 
for computing various functionals on the space of excursions 211 (for more information on 
excursion theory of Levy processes, we refer to m Chap. IV and Chap. VI]). Finally, when 
V’ € W then ^ is a spectrally negative Levy process drifting with lim = oo. Thus, recalling 

_ t^OO 

that Tt = inf{s > 0; > t}, we have, see [THl Theorem 1, Chapter VII], for any t,u > 0, 

E = E 

where = u, with (p £ B and from [lOl Theorem 8, Chapter IV], 

POO 

(5.26) 4>{u) = 5u + u / e~^yn {C, > y) dy, 

Jo 


with 5 > 0 and n the excursion measure of 
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5.2.2. Proof of Provosition \5.l0l . The proof of Proposition 15.101 requires the following two in¬ 
termediate results which characterize respectively the quantities 5 and k in (|5.17p . 


Lemma 5.13. (^ = ^ > 0. 


Proof. From |88l Lemma 2], 5 in ()5.17p is the drift of the subordinator rj = (?7t)i>o, the inverse 
local time at 0 of i.e. 6 in (|5.26l) . Hence, from Proposition 14.1113]) . we get that 


(5.27) 


5 = 6 


lim 

U^OO 


4>{u) 

u 


lim 

U^OO 


U 

ip{u) 


which completes the proof of the Lemma. 


1 

4>{oo) 


1 

= - > 0 , 

r 


□ 


We proceed the proof with a statement which, in particular, characterizes k. 


Lemma 5.14. 

(5.28) 


(1) Wo have, for any y > 0, 


K{y) = n 




6^“ ds > y ] , 


where we recall that ( is the lifetime of a given excursion {cs)s>o- 
(2) Moreover, /?(0''') = oo (resp. k(0+) = '^ ) if and only if if ^ Afoo{m) (resp. if G 


Remark 5.15. The subset of the class £+ we consider can be characterized as the one associated 
to a subordinator y*, as defined in (|5.29p below, whose tail of the Levy measure is associated 
via (j5.28l) to the excursion measure n of Clearly, our class does not include the positive 
self-decomposable laws associated to subordinators with an atomic Levy measure, since these 
can not be related to such an excursion measure. 


Proof. We start with the following well-known integral representation of G £+ 


(5.29) 


di'ip 



o—^ 




't ) 


where y* = {yf )t>o is a subordinator whose tail of the Levy measure is k, see e.g. [901 Theorem 
17.5, Example 17.10]. The first identity (15.281) then follows from [88l Lemma 2] (note that the 
exponential functional is defined in [88] as 6^“ ds whereas we have e~^‘ds). Since 

C > 0 and Cs > 0, for all 0 < s < C, we get that 


n 



n(C>0). 


This identity combined with (|5.28l) yield that /?(0^) = oo (resp. k( 0'’') < oo) if and only if 
n (C > 0) = oo (resp. n(C > 0) < oo) which is equivalent to if G A/’oo(m) (resp. A/)^(m)), see 
e.g. [441 Proposition 15 (iv)]. It thus remains to compute /?(0'’') when if G A/(^(m). Recall from 
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(j5.26p that n (C > 0) is the total mass of the Levy measure associated to (j). When € M^{m) 
from (|5.27p . <5 = 5 = ^ = > 0, a standard computation leads to 

n(C>0 ) = lim {(j){u) — 5u) = lim (u — 6'ijj{u)] = lim ——:-u (4>(oo) — 4>(u)) 

u^oo ^ ' u^oo \ / u^oo (ploo) 

1 / poo poo \ 

= hmn / Ti{y)dy- (l - 6"“^) n(y)dy 

n(o+) 

r 

where we have used the identity (j5.25p to express (j). □ 

The two previous lemmas provide the proof of Proposition l5.10l|Tp . Next, from [54 P Lemma 
2.1], Suppl .0 = [0,oo) if and only if 5 = 0, which is equivalent from (|5.27p . to ip G 
Otherwise, according to [ 88 l Remark 1, p. 9] it holds that Supply = [<5,oo) since rj* in (j5.29p 
is a subordinator with drift 6 (note that the constant c in [ 88 ] is 1 which is clear here from the 
identity 'tp{u) = u4>{u)). Thus, we have proved the statement for the support of T, i.e. item (f^ . 
Next, it ^p G Mooifn) (resp. ip G then, since from Lemma [5.1411^ . we have k( 0''') = oo 

(resp. k( 0+) = and 5 = 0 (resp. 5 > 0), we derive from [90l Theorem 28.4(ii)] (resp. [90l 

Theorem 28.4(i)]) that u G C°°(M) (resp. D G C^'“^(M), when ^ > 1, i.e. Nr > 1). The 
claim (BD is given in |9ll Theorem 1.6]. The proof of Proposition l5.10l![5P follows immediately 
from the dehnition of y in (|5.16p . which completes the proof of Proposition 15.101 

5.2.3. Proofs of T/ieorem 1 5. gtfTIl . (f2bl) and (f2cl) . First, we recall from Proposition I5.8I|2|) that, 
for any ip G M, v{x) = where vi stands for the density of with Ti'ip{u) = 

u(p{u + 1) G M{(p{l)) and ni(0’'') = n(0’''). Thus, the positivity follows from the fact that 
Ti > 0 on (i,oo), see [781 E], and the expression of the support of R/, is deduced from 
Proposition [5T0j|2|) . Next, the smoothness property of u stated in Theorem I5.2l!|2bll and the 
ensuing Lemma [5. 161 follow readily from Proposition 15. 10l(3]i . Finally, the asymptotic behaviour 
at r in the item ([2^ follows also readily from Proposition l5.10t[^ and iy{x) = x~‘^i'i{x~^). 

Item (|2b|) gives immediately the following claim. 

Lemma 5.16. If ip G Woo then v G C°°(M+). 

To prove Proposition 15.111 and for sake of completeness we restate, adapted to our setting, a 
shortened version of m Theorem 2.1]. 

Theorem 5.17. Let ip GAf{m). Then 

(5.30) xP{x) = 

For any x > I and with x ^ oo in the last relation 

(5.31) xT(x) > k{x) ^ v{y)dy = n^J e^'^ds > x'j d{y)dy ~ n e^‘ds > x 



f 


d{x — y)'K,{y)dy + 5d{x), x>-. 

X 
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Proof of Theorem \5. 17\ Since is a positive self-decomposable law with J^K{y)dy < oo 
then in the notation of [9T[ (1.5)] we have log IE = iwjQ — — l) ^^^dy. 

Comparing this to (|5.10p yields in our notation that 70 = 5 = = 0 and k = k. Then, 

the second identity of [911 Theorem 2.1, (2.1)] in their notation takes the form 

{x-j)f{x)=[ f{x-y)k{y)dy - f{x) [ r^^^dy 

Jo JO -*- + y 

Since [9T1 (1.6)] gives 70 = 7 — /o°° j^idy = 6 and / = T we deduct (I5.30p and (|5.31l) since k 
is non-increasing. □ 


5.2.4. Proof of Proposition [5. 1 11 For item [T] from the last relation of (j5.3ip we need to discuss 
n ^ e^‘ds > x^ only. We recall that to each G J\f{m) there is an associated spectrally 

negative Levy process ^ such that lim^^oo^t = 00 , see the discussion succeeding p5.2ip . We 
set, for any a > 0 , 





e ^“ds, 


where Tq = inf{t > 0; = a} is the first hitting time of a for Also, it is well-known from 

m Chapter IV, p.117] that, for any a, x > 0, 


n 




e^^ds > X 


ei = a,C > 1 


P(e%(i;) >x), 


which reflects the fact that under n 


l<s<C 


= (a-E - ei) 


l<s<C 


has the 


ei = o,C > ij, (e*) 

same law as (a — ?s)o<s<t' > since ei = a means that being a units beneath the running supre- 
mum the process f needs to stride upwards those units to attain a new maximum. Using this 
and trivial estimates yield, for x > 0 , that 


T 

n I I e^‘ds > X 


(5.32) 


> n e^^ds > X, C > 1, ^1 > e 
= f P (e“I^(fa) > x) n(ei € da, C > 1) 

J a>e 

> P (/.^(ri) > x) n(ei > e,C > 1 ). 


Next, let us denote by = i(,t)t>o = - T,s<t (6 - 6 -) the Levy pro¬ 

cess constructed from ^ by removing all its jumps smaller than —e~^ < 0. Thus, pathwise, 
for any t > 0, Ti > Tf and therefore, Iip{Ti) > I^eiTf). Choose furthermore e small 
enough such that 11 (O, e“^) > 0, that is ff is not a pure drift process or phrased otherwise it still 
possesses negative jumps. For any a > e, x > e, from the strong Markov property of Levy pro¬ 
cesses, conditionally on the event {Tf, < 00 }, the process ff = [ft — -|- Inxa) 

V *+-'-lna;a / t>0 
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is a Levy process issued forth from 0 and independent of {Ct)o<t<t‘ 

— — — ln(a;a) 


r'^i r'l 

> 

Jo Jt^ 


-^‘dsl 




(5.33) 


= xa 


> xa 


ln(a:a) 


Jo 

r'^La 

Jo 


-^-dsl 


ln(i!a)<^l J' 


; ^‘ds I 


ln(a:a) L 


where stands for the hitting times of Hence, using the independence of and 
in law and the fact that < Ina on {t < we obtain from (15.331) that 


P (l^(Ti) > x) > P > x) >F i a e ^^ds > 1 


(5.34) 


> 


^ln(a) > 1 


In(xa) < 


' — In(xa) 


<fi). 


^-ln(xa) < j — IP y^\n{a) > 

From lim^^oo^l > hm^^oo = oo, only jumps down and is not a pure drift process we 
deduct that P > 0. Next, 


(5.35) 


S, (In(xa)) 


Sf: (In(xae)) — S'e (In(xa)) 


5e (ln(a:a) +1) (In(xae)) ’ 

where is the scale function related to the spectrally negative Levy process see uni 
Chap. VII, Sec. 2]. Let mJ = E[^i], see the discussion after (j5.21j) . From then 

0 < m < mJ. Since in the construction of we truncate jumps smaller than —e~^ we have 
that, for all e < u), 0 < m < rrf < mF’ and plainly are analytic in C, see the discussion 

around ()5.22p . Moreover, by differentiating twice ip'" is easily seen to be strictly convex in M 
and for any u gF, ^jJ^ has the form, see (I5.21h . 

2 r- 

ijj^iu) = - l + uy) n(dy), 

J Jo 

where the truncation of jumps is reflected in the measure H and hence in the integration 
bounds. Hence, for e < w, using e~^ + x — 1 > 0, x < 0, we get that, for n < 0, 

= {rrf — m'^) u+ f (e““^ — 1 + uy) Tl{dy) > 0. 


Also from (IQTI) . = E > E 


3<Jlr 


and we get that limti^_oo'0'^('^) = oo. 


Hence using the latter, the fact that {ip'^y (O'*") = E [^|] = > 0 and is strictly convex 

with Jp’^{0) = 0 we deduce that there exists unique Uq < 0 such that ^''^(^ 0 ) = 0. From 
^p^{u) — 'tp^{u) > 0, for 0 < e < tc and u < 0, and by convexity, we get Ug < Ug < 0, where 
'0"^(ug ) = 0. We proceed to show that uj) = lime^.oUg = Recall that 'ip{u) = u(j){u) and if 
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u < dfj, <0 then ^jj{u) G (0, oo], where ip{u) = oo if — 1 + uy) Il{dy) = oo, see ()5.21l) . 

It is clear that Uq > d^i), as otherwise, for any u G (uq, d^p), we must have -ip^(u) = ipiu) G 

( 0 ,oo], whilst the convexity of and (ug) = 'ip’^{0) = 0 lead to < 0 on (uq,0) and thus 
^p^(u) < 0 if n G (ugjd^). The case = 0 follows as Ug < 0. Assume that d<^ < Ug < 0. 
Then for any u G (d 0 ,Ug), we have that lime^o ('*^) = P’iu) < 0 which contradicts Ug t 
'0'^ > 0 on (—oo,Ug). Thus, = Ug = lim^^oUg. Finally, since according to [TOl Ch. VII, 

Sec. 2], we have 5e(x) = where we let = inf 4 >g^^ be the global infimum 

of we deduce that 

5e(ln(a;ae)) — S'e(ln(xa)) = ^P > Inxa^ — P > Inxae^^ , 


which together with P(~C^ > x) ~ C^e^o^, see e.g. m, yield, recalling that Ug < 0, 

x-“o (S,(ln(xae)) - S,(ln(xa))) ~ —a^o(l - e“o). 

Then, since plainly Se(oo) = lima-^oo >S'e(ln(xae)) = we deduce from (I5.35P that 


x“‘^oP T 


' — ln(a;a) 


< Tf = X- 


^^(InPxae)) — S'e(ln(xa)) 
5£(ln(xae)) 


(T"a“o(l - e^o). 


Therefore, since a > e is fixed, the latter asymptotic relation allows the successive usage of 
(I5.34p. ()5.32p. ()5.3ip toffether with T > 0 on ft“^.oo) and T G C f ^oo)), see Proposi- 
tior l5.ini|3P to derive (I5.19h as Ug f dp when e ^ 0. The second statement follows readily from 
m Lemma 4], which states that P (/^ > x) = J^v{y)dy ~ Cx and an application of the 
monotone decreasing density theorem which yields T(x) ~ C'uox“‘'°“^ and is valid since u is 
ultimately monotone as a unimodal distribution. 


5.2.5. Proof of Theorem \5.f\ The first statement follows by combining (I5.19p with (I5.12|] . 
i.e. v{x) = x~^vi the density of I-Tiip-, Ti'4’{u) = u(pi{u) = u(p{u + 1), and ob¬ 

serving that (|5.19l) holds for a < dp^ = dp — 1. The second statement is deduced from (I5.20p 
with Uq = 1 since Tiip{—1) = —</>(0) = 0 and (Tipj)' = —(p'{0'^) < oo. 


5.3. Proof of Theorem 15.1113]) . The proof of this claim requires a combination of several 
types of results. Since some of them will be useful later in this work, we state them separately. 
We start by discussing various further functional properties of u. 


5.3.1. Some useful faets on positive self-decomposable laws. The following lemma is essentially 
due to Sato and Yamazato [9l] where we denote by T/ the bilateral moment generating function 
(resp. Fourier transform) of a function / : M i—M, i.e. for some real u (resp. some imaginary 
number u = ib,b gE.,) 

Tf{u) = [ e^yf{y)dy. 

Jr 


62 


























Lemma 5.18. (1) Let V’ G Moo{m). Then there exists a deereasing positive sequence ap = 

{cLn)n>o with uq = oo > oi > ... > On ■ ■ ■ > \ , such that, for every n > 1, 

> 0 on and < 0 on {an,an-i)- 

Moreover, for any n > 0, we have a„ > ^ where fin = supj?/ > 0; K(y) > n}. 

(2) Let if G Then there exists a sequence Op = (a„,)o<n<Nc; such that uq = oo > 

ai > ... > ONt > 7 enjoying the same properties as the sequence in © above if and 

only i/Nj > 1, where recall that = [—^ 7 -^] — 1. 

(3) Let fj G Moo,oo{'fn). Then, we have, for any n > 0 and x > 0, 

(5.36) = — (n + + J (^^'^\x — y) — d'k{y). 

(4) For any 0 < n < ^ , one has 

(5.37) \J^p{ib)\^=o{\b\-^), 
with the convention that ^ = 00 when n(O^) = 00 . 

Proof. Let us first assume that if G A/'oo(m,). According to Lemma I5.14l| 2]l we have that 
k(0''') = 00 and hence I.^j, G le in the sense of [DU p.275]. We derive from [911 Theorem 5.1(ii)] 
the existence of the sequence Op with the inequality > /?„ + 7 . Otherwise, if -i/’ G and 

> 1 the existence of the sequence ap and /3n, for 1 < n < N^, follows from m Theorem 
5.1(i)]. Next from [9T1 p.297,(5.4)] equation (15.361) holds for every n > 0 when k(0+) = 00 and 
7=0 (i.e. 7 o = 0 in m p.297, (5.4)]), which is the case once if G ffoo,oo{'m)- Item (jl]) follows 
from Lemma 2.4, (2.17)]. □ 


We continue with the following substantial but easy estimates which will be used at several 
places in this work. 

Lemma 5.19. Let if G A 7 (m). /f > 1 then, for off n < < 00 and A: < Nj — n < 00, 


(5.38) 


\\xn(x- T(’")(x) = limx-'=T(”) fx + -^ = 0. 


Moreover, for any H G (0,1), n < and x G {0,D ( 0^+1 — 7 ))? with = (an)n<Nj 
Lemma [5.13l we have that 


(5.39) 


yin) 


+ X 


< 


D 


1 - D 


nlx 1 —h 


1 X 

r 15 


Proof. Let first if G A 7 oo(nr). We first prove (|5.38j) for A: = 0 and n G N which follows 
easily from the fact that, since 11 ( 0 '*“) = 00 and hence Nj = 00 in this case, T G C°°(M) and 
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Supply = [0,oo], see Proposition 15.101 Let now set n = 0 and k > 1. The existence of the 
sequence a-p defined in Lemma [5.181 implies that I > 1, increases on Therefore, 

^ V^^\y)dy < for x E 

since from (j5.38p with k = 0 and / E N we have that 


(5.40) 



= 0 . 


Repeating this argument k times, we get, for any x E (^, 0 ^+ 1 ), that 



T(x) < 


which proves (|5.38l) for A: > 1 and n = 0 using (|5.40l) . Before proving the remaining case, we 
establish ()5.39p . Prom (j5.40p . for any n > 0, x E (i,an+i) and D E (0,1), 


T(x) 


> 


> 



v^'^\yn)dyn ■■■dyi 


rx ryi ry-n-i 

{l-DY 




^''"'Kyn)dyn 


n\ 


1 

X- 

r 


( 1 


L> ( X- 


..dyi 


where we have employed that is increasing on (i, o„+i), see Lemma [5.18IITp . This is (|5.39p . 
Finally, the proof of (|5.38ll for n,k > 0, follows from the case n = 0 combined with (|5.39p . 
Next, when ijj E M^{m) and > 1, (15.381) is immediate thanks to (j5.18p of Propositior l5.10l|4p 
which furnishes an explicit asymptotic of T at 1/r and Supply = [|,oo), which was proved in 
Proposition 15.141 and. Proposition 15.lOlfSP which asserts that in this case v E (M). □ 


We proceed with the following lemmas. 

Lemma 5.20. (1) Let iIj E AA(m). Then, for any p = 1,2,..., we have that Pp(x) = 

= ■■■ = mwlli)xP density of the variable where Tpipiu) = u4>{u+p) E 

M{(f{p)) and we set Pq = P- Moreover, lirntj^oo = lirntj^oo <(>(u+p) = <?i(oo), with 

the obvious notation np(0“'') = n(0''“) and SupplT^^ = [i,oo). 

(2) For any if E J\f, we have, writing, for any p = 0,1,..., Up the density of the variable 


T^p{x) = X Wp+i(x for any p = 1,2,..., Vp{x) = 
where we set v = uq, and, SuppL^^ = [0,r). 


_ XUp-l(x) _ _ xPv(x) 


4>{p) 


W4,{p+l) ■■ 


Proof. First, we recall from Proposition I4.1l!l9l) . that, for any p E N, Tpf){u) = u(j){u +p) E 
N'{(j){p)), where we recall that (j){0) = m > 0 as = ToV' £ M{m). Next, from the expression 
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of the entire moment of Ij-^^ given in (|5.13p . we have that, for any n = 1, 2,.. 


n—1 


E 


T-n 




k=l 


k=l 


(J){p - 1) 


E 


T—n—1 

'rp-iv> 


from where we get the first statement by remarking that the mappings (7'p)p>o form a semigroup 
on J\f, i.e. for any -ip G M, p,r > 0, Tp o Trip{u) = Tp (:qif ^(- + ?’)) (u) = + r + p) = 

Tp+rip{u) E Af and = V^, see (|5.14l) . is moment determinate and hence P = Ij 2, • • • , 
are moment determinate. Also a simple integration of (14.91) yields that np(y) = e“™n(?/),y > 
0. Finally, since (ppioo) = (pioo) = r we conclude Supp/ 7 ^,^ = [y,oo) from Proposition 15.10l!l2]l 
and item ([T|) is thus settled. Item ([ 2 ]) follows readily from the previous one combined with the 
identity i'{x) = (i) that is (15.121) of Proposition [A8l □ 


Lemma 5.21. Let ^p E M{m) and > 1. Then, with the notation of Lemma \5.2(A we have, 
for a// n < Nr — 1 , p = 0,1 ..., and o > ^, 


(5.41) 


roo 


Jo 



dx 


< 00 , 


where we recall that Pq = 


Proof. Let us prove that (I5.4ip holds for p = 0. The proof for p = 1,2, ••• follows since 
Tpip E M{(l){p)) C M{m). From Parseval’s identity and the fact that, for all 0 < n < N^, 
p(”-) £ c (M), see items ([I]) and ([3]) of Proposition 15.101 one gets, for n < — 1 , that 


(5.42) 




2 

dx 




2 

dx 



Fy {ih)\^ db < 00 , 


where the hniteness follows from (I5.37p . To prove (j5.4ip in the case = 00 and p = 0, we 
use the notation of Lemma 15.191 with Dn = 1 + 11 (un+i ~ 7 )) and, for the hrst inequality 
below, the estimate (|5.39p and the continuity of and, for the second one the classical 
Cauchy-Schwarz inequality, to get, for any a > ^, n > 0, that 



< 00 , 


where Cn > 0, Cn,a > 0 and the hniteness follows from (15.381) and the estimate (j5.42p . To prove 
(|5.4ip in the case < 00 , we follow the same line of reasoning by recalling, from Proposition 
I5.10l!f3]) . that, for any n < — 1 < 00 , E C(E), and (|5.42l) holds for n < — 1. The only 
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modification, thanks to ^ > 0, lies in the estimate 


rco rDn rcxn 

\x-<^^)^'^\x)\dx < r“y^ \u^'^\x)\dx + j \x-^v^’^\x)\dx <oo. 


□ 


We are ready to prove the the polynomial decays of the modulus of the Mellin transform of v 
along imaginary lines, that is (15.3p in Theorem 15.11 (j3|l. With the notation and the claims of 
Lemma 15.201 for any p = 0,1,... , we write 


Xp+i{y) = e %+i(e y) 


y) 

(t>{p) 


= e^i/p(e^) 


and we have Nj and invariant in p for any Vp, Vp and Suppxp+i = (—oo,lnr], if r < oo, 

and Suppxp+i = {—oo,oo), otherwise. Then, we get, from Proposition I5.1UI|511 . that Xp+i G 
(M \ {Inr}) if r < oo and Xp+i ^ (M), otherwise. Thus, for any a > n, applying the Faa 

di Bruno formula to Tp(e“^) we get with some Cn > 0, 





< 


Cn 

4>{p) 

Cn 

(I){P) 



e-’^yd^^\e-y)\dy 
^~^i'^^\x)\dx < oo. 


where the finiteness follows from (I5.4ip since from a > n then a + 1 — k > 1,0 < k < n, 
and n < Nj — 1. Thus, we have for all p = 0,1... and 0 < n < — 1, that, for all a > n, 
the mapping y i->- aid) ~ i^yXp+i{y))^^'^ G L^(M) and by the Riemann-Lebesgue lemma 
applied to the Fourier transform of {e'^yXp+iid))^'^'^ we get that 

(5.43) 

On the other hand, writing 2 = a + ib, a > n, 5 G M, we have because Xp+iiv) = 

^xp+i,a (ib) = = [ Cyxp+i{y)dy = 

JR 

From Lemma 15.201 (|2p and then from the functional equation (|5.ip we deduce that 


/ 


x''vp{x)dx = Mvr^^iz + 1 ). 


- W4P + 1) - W4P + 1) 

Henceforth, we get that, for any p = 0, l...,n<Nj — 1 and a> n, 


(5.44) 


n?-n + J + ^5)1 

= J™ in-^x.+i,.(^5)i = o, 

|6|^oo W(l)[p+i) ^ |b|^oo 


where the last identity follows from in (I5.43p . Fix a' > d^ and p' G N, p' > 1, such that 
a = a' + p' > n. We have, from (|5.1I) . that 

{p + a! + ib) = (l){p' + a! - I + ib) ■ ■ ■ (f) {a! + ib) My^ (a' + ib). 
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Then applying (j5.44l) with a = a' + p' > n and p = p' we arrive at 


(5.45) 


hm \br 

|6|—>cx) 


Uf=0 \(p{a + j + ib)\ 

W4,ip + 1) 


\Mv^{a' + ih)\ = 0. 


Since (j) G Bj\f from Proposition 14.1118]) the Levy measure associated to (f) is Il{y)dy, y > 0, 
that is, absolutely continuous with respect to the Lebesgue measure. Hence, if in addition 
n(0''') = Il{y)dy = oo, then [90l Theorem 27.7] implies that the underlying descending 
ladder height process ri~, see (I5.24p . is absolutely continuous with respect to the Lebesgue 
measure. Therefore, from (15.241) and the Riemann-Lebesgue Theorem, for any fixed o' > 

dcfii 


lim 

|6|^oo 


lim E 

|b|^oo 


g-(a'+ib)»?j 


lim / („- edx)=Q 


and we conclude that lim|b|^oo |(/) (o' + ib)\ = oo. Otherwise, if n(0''') < oo, i.e. (j){oo) = r < oo, 
then elementary from the representation of (j) in Proposition 14.lt[8]) and the Riemann-Lebesgue 
Theorem lim| 5 |^oo 4> W + ib) = </>(oo) = r. In both cases, the limit is non-zero and we deduct 
from (15.451) that 

lim |6|"|A4y (a' + z6)| =0, 

|o|^oo 

which furnishes the proof of our claim for n < Nj — 1. 


5.3.2. Proof of Theorem l5.M|2ap . We are ready to complete Theorem I5.2tl2ap . Prom Lemma 
15.161 it remains to show that if V’ £ A/’oo,oo then, for any n G N, lima;^oo (x) = 0. The 
following estimate which holds in a more general context provides this property. 


Lemma 5.22. Let ip G M with > 2. Then, for any x > 0, n,k £ N, with A: < — 2, and 

any a > d^, there exists a constant C = Cn,k,a > 0 such that for any x > 0 


(5.46) 


(x^nix))^’^^ <Cx^-^-T 


Remark 5.23. Note that the bounds at oo presented in Lemma 19.51 below are far more precise 
as they depend on u. However, (I5.46|) are uniform on M+ and allow us to have some grip on 
the behaviour at zero of u and its derivatives. 


Proof. Recall the Pochhammer symbol {n—z)k = 0^=0 ~ 3 ~ a > d^p and k < Nj—2. 

Then from Theorem 15. RlSp . |-^W (-2^)1 =0 (| 2 |“^) along Cq. Therefore, |(n — z)k A4v^(2;)| 

is integrable along Cq and multiplying by x'^ the Mellin inversion formula for n, see (|1.36l) . and 
differentiating it k times to get 


{x^n{x))^'^'^ 


1 /■“+ 
27ri ja—Z' 


a-\-ioo 


^n—k—z( 


< X 


n—k— 


(n - z)k Mv,i,iz)dz 

1 

“ 75 -/ \{n-d-ib)kMv,i,{d + ib)\db 
J —OO 


and the finiteness of the last integral gives (15.461) . 


□ 
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5.4. Small asymptotic behaviour of V and of its successive derivatives. Finally, we 
provide an extremely precise asymptotic results for i?(x) (resp. x(x)) and its successive deriva¬ 
tives when X tends to 0 (resp. oo). We stress that, for only some isolated cases, one can find 
in the literature information about the behaviour of In see |91l Theorem 5.2]. On 

the other hand, we are not aware of any instances of a class of probability density functions 
for which such a precise asymptotic estimate has been provided. The novelty of our approach 
seems to come from the fact that we are able to describe the asymptotic behaviour of the Mellin 
transform of z/, i.e. A4/^, along the negative real line and imaginary lines, together with some 
fine distributional properties such as log-concavity of u and related to it quantities at 0. 

Theorem 5.24. Let ?/z G Moo,ooiiT^) = -^ 00,00 H AA(m). Recalling that ip : [m, 00 ) [0, 00 ) 

stands for the inverse function of cj), we have, with > 0, that 


(5.47) 


u{x) 


0 


C^m 1 





Moreover, for any n >0, we have that 


(5.48) 




0 


1 



Finally, the following relation holds true 



(5.49) 


Xix, 


OO 


C^m 


^/if' (e^)e-/- 


Remark 5.25. We stress that when if G A7oo,oo(?^) for the positive self-decomposable variable 
7^ we have that /?(0''') = 00 , recall ()5.10ll for the definition of k. This is strictly beyond pOl 
Theorem 53.6] which discusses only the case when 0 < /?(0''') < 00 . Our case, i.e. k(0+) = 00 
and k( 0“) = 0, seems to have been studied only in [1021 Lemma 2.5] but merely on the log-scale 
and when k G RVa{0), that is when k is regularly varying at zero. 


5.4.1. A non-classical Tauberian theorem. The proof of Theorem 15.241 is based on an improved 
version of a Tauberian theorem that was originally proved by Balkema et al. in [U Theorem 
4.4]. It is a non-classical Tauberian in the sense that it relates the upper tail behaviour of the 
bilateral Laplace transform to the upper tail behaviour of the associated probability density 
function. For the sake of clarity, we state and prove below a slight generalization and an 
adapted version of this Tauberian theorem which is more suitable to our context and allows 
its application for the successive derivatives of the density function. In particular, the original 
result [U Theorem 4.4] is stated for the density of a probability distribution and a minor device 
allows us to extend it to real-valued functions which are ultimately positive. We proceed by 
introducing some notation and terminologies. Let G : M 1 —>■ M be a convex function. Then 

(5.50) G*{y) = sup{yM — G{u)} 

uGM. 

is called the Legendre transform or the complex conjugate of G. If > 0 on M then the 
supremum is attained at u such that y = G'{u). We say that G is asymptotically parabolic if 
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> 0 on R and its scale function sq = l/Vis self-neglecting, i.e. 
(5.51) 


SG{u + asG{u)) ^ ^ 


u-^oo Sg{u) 

uniformly on bounded intervals of the real variable a. 

Next, we say that a function F has a very thin tail if there exists yo gM such that 

(5.52) F{y) > 0 for all y > yo, 

(5.53) lim F{y)e^y = 0 for all fc G N. 

y—^oo 

Finally, we recall the notation for a function / and some real u, 

J'fiu) = [ e'^yf{y)dy. 

JR 

We are ready to state and prove the following adapted version of [U Theorem 4.4]. 
Proposition 5.26. Let us assume that the following conditions hold. 

(a) Let / : R —>■ R such that f{y) > 0, for all y > a G E.. Set fa{y) = fiy)^{y>a} o.nd assume 

OO 

that Fa{x) = f fa{y)dy has a very thin tail and 

X 

(b) f is log-concave in a neighbourhood ofoo. 

(c) We have 

Tf{u)= [ e^yf{y)dy'^l3{u)e^^^\ 

JR 


with G being asymptotically parabolic and 
(5.54) 


1-^ /3(n + asG(n)) ^ ^ 


u-^oo fj(u) 

uniformly on bounded intervals of the real variable a. 
Then 

1 fd*{y) „-G*{y) 


(5.55) 


fiy) 


V^SG*{y) 

where G* is the Legendre transform of G, sg* is its own scale function and (3*{y) = /3('u) is 
defined via the following relation between y and u, that is y = G'{u). 


Proof. Let us first assume that f Is a probability density function. We show that all the 
conditions of the statement imply (I5.55j) via an application of [U Theorem 4.4]. First, we show 
that / is of Gaussian tail in the sense of [U Definition on p. 389], i.e. / is of very thin tail itself 
and f{y) r\j e with some asymptotically parabolic function G. This would trigger the first 
important condition, that is [H Theorem 4.4(1)]. To prove that / is of Gaussian tail we will 
invoke [H Theorem 2.2]. To do so we see that the log-concavity of / implies the condition 
(2.1) of 0 Theorem 2.2]. The other condition of [H Theorem 2.2], i.e. Ur, see [H (1.6)] for 
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definition, to be asymptotically normal, i.e. [U (1-10)] to be fulfilled holds true thanks to the 
assumption for the self-neglecting property of sq and the behaviour of Tf at inhnity, that 
is the condition (jcj) above, which is enough for [H Theorem 1.2, (1.10)] to be true, as G is 
asymptotically parabolic and /3 satisfies (|5.54p . i.e. /3 is flat with respect to G in the sense of 
[1]. All this verihes that / is of Gaussian tail and the proof follows in this case since the other 
conditions of [H Theorem 4.4] follow from the assumptions of our theorem. It is clear that in 
the end [U Theorem 4.4.] serves its purpose only to elucidate the form of G. Now, with 

roo poo 

0 < c~^ = / fa{y)dy = / f{y)dy < oo, 

J a J a 

we have that fa{y) = Gafa{y) is a probability density function. Moreover, under the condition 
(jaj) about the asymptotic behaviour of we can apply the previous reasoning to fa, after 
checking easily that all conditions are satisfied, to get, fa{y) ~ -^= which, from 

the dehnition of fa and fa, completes the proof. □ 

5.5. Proof of Theorem 15.241 Let Tp G A/’oo,oo("r) and thus T G C°°(M) from Proposition 
I5.101l3]l . We aim at applying the Tauberian result of Proposition 15.261 to the continuous func¬ 
tions fn, defined, for any n > 0, by 

(5.56) fn{y) = e^Vnie^) = e“"-^T("-)(e“^), y G M. 

Throughout this proof we use the Pochhammer notation {u)n = =u{u — l)...{u — 

n -|- 1), u > 0, n G N. We start with the log-concavity property of /„ in a neighborhood of 
oo, that is condition (jb]), and postpone to the next subsections the proof of the two remaining 
Tauberian conditions, namely (jaj) and (jcj). 

5.5.1. Condition the log-concavity property ofv^'^^ and fn- 

Proposition 5.27. Let if G A/’oo,oo(?^)- There exists a decreasing positive sequence a-p = 
{cLn)n>o with oq = OO > oi > ... > . • • > 0, such that, for every n > 0, 

X !->■ is log-concave on (0,a„+i). 

Even more, for any n > 0, the mapping 

y fn{y) = e~^^d^'^\e~^) is also log-concave on (—log(a„_|_i), oo). 

Remark 5.28. The statement that T is log-concave on (0, ai) is proved in [911 Theorem 1.3 
(vii)] and improved to strict log-concavity in |91j Theorem 4.2]. Clearly, the Zoy-concavity of 
y^T(»^)(e-y) is a stronger assertion then the /oy-concavity of the derivatives r'^”^(x) and the 
proof using Lemma [5.331 below suggests that it is the more natural result. 

For the reader’s convenience we split the (lengthy) proof of Proposition 15.271 into several inter¬ 
mediate results. 

Lemma 5.29. Let if G A/'oo,oo(w.) and thus /?(0^) = oo. For any j > 1, set 

%(y) = « (max(y,j"i)) , y > 0. 
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Then, for any j > 1, there exists Ij G £_|_ such that its law is absolutely continuous with a 
density Vj which is characterized, for any 6 G M, by 


(5.57) j;. (ib) = r e^^^Vjix)dx = 

^ Jo 

Moreover, for any j > 1, the following holds. 

(1) Supp Ij = [0, oo). 

(2) Vj G cNj(R+) n C^j-i (M), where Nj = r%(0+)] - 1 = - 1. 

(3) Then there exists a decreasing positive sequence a^. = (an(i))i<n<Nj ®o(j) = oo > 
ai(j) > ... > ttNj (j) > 0, such that, for every 0 < n < Nj, 

v^^^ >0 on (0,an(j)) and v^"'^ < 0 on (a„(j), an-i(i)) • 

(4) Let, for n < Nj, f3n{j) = sup{y > 0; Kj^y) > n}. Also, for any n > 1, 

(5.58) a„ := lim an(j) > (Jn = sup{y > 0; K{y) > n} > 0, 

j->oo 

(5) We have, for any x > 0, 

(5.59) xvj^\x) = {Kj{0^) - l)vj{x) + f Vj{x - y)dkj{y). 

J 0 

Remark 5.30. We stress that Ij does not belong to the subclass of positive self-decomposable 
laws arising from if G that have support [ 7 , 00 ) ,r < 00 , see Proposition 15.101121) . 


Proof. First, since for every j > 1, Hj defines a non-increasing function on R+ with Kj(0'’') = 
< 00 , the right-hand side of (|5.57l) is the Fourier transform of a random variable Ij G 
£+, whose distributions, as mentioned earlier, are absolutely continuous. Furthermore, since 
Kj(0''') < 00 , therefore Ij G I 5 in the sense of [DU p.275]. Since Sj = 0 then Supp Ij = [0, 00 ) 
follows from IHIl Theorem 1.3, (vii)]. Also from [911 Theorem 1.2] then Vj G C^j (R+)) from 
m Theorem 5.1, (i)] then Vj G ^ (M) and from [Ql] Theorem 5.1, (i)] there exists = 

(«n(j))i<„<Nj with ao(j) = 00 > ai(j) > ... > aNj(j) > 0 such that is positive on (0, an{j)) 
and negative on (an(j), a„_i(j)), for 1 < n < Nj. Thanks to (HU Theorem 5.1, (5.2) and (5.3)], 
aniJ) > PnU) = sup{y > 0; %(y) > n} and t he fact that fdniJ) = fdn = sup{y > 0; /?(y) > n} 
for all j big enough, for n < Nj gives (15.581) . Item ([5]) is [911 Corollary 2.1 (2.34)], wherein 
7 o = 0 since we have no drift in the exponent of (j5.57|) and the integration is on (0, 00 ). □ 

Lemma 5.31. Fix n G N. If'kj{W) > 2n + h, then v^^ is log-concave on (0, an+i{j)). 
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Proof. Let Kj(0+) > 2n + 5. Since Vj G C^j ^ (M) and dkj{y) = 0, y G (O ,j see Lemma 
15.291 bv differentiating (15.591) . we get for (at least) A; < Nj — 2 = |'/?j(0+)] — 3 and any x > 0, 

px 

(5.60) xvf\x) = - 2)vf\x) + J vf\x - y)dKj{y), 

(5.61) xvf^'^\x) = -2 - h)vf^^\x) + J vf^^\x-y)dkj{y). 

Also ()5.60l) and (|5.61l) are elementary consequence to [911 P- 297, l.-l and (5.4)] and a simple 
integration. Next, note that dKj{y) = Qdy, for y G (0,1“^) and therefore on x < j~^ (I5.60p 
reduces to the simple differential equation 

xv^^\x) = (/?j(0’'') — 2)uj^^(x). 

Hence Vj{x) = for some C > 0 and x G (0,j“^). Therefore setting 


V- \x) := Vj '{x)Vj '[X) - [Vj 


(n+2). 




(n+1) 


(x))" = (uf\x)) ^ 





we get then that < 0 on (0,j ^). Moreover, since Kj{0'^) > 2n + 5, x i-G v^^\x) is strictly 
log-concave and increasing for x G (0,1“^) and thus from Lemma l5.29l|3|) and the properties of 
the sequence a^. we conclude an+i{j) > j~^■ Assume now a^+id) > j~^ and that there exists 

xo G (j“^,an+i(j)) such that vj^\xo) = 0 and vj^\x) < 0 for x G (0,xo). Multiplying first 

(15.611) ioT k = n at the point xq by uj"'^(xo) and then for A; = n — 1 by —uj"'^^^(xo) at the point 
Xo and adding the two expressions, we get the identity 

xoH/’^^(xo) = -vf'\xo)v‘f'^^\xo) 


(5.62) 


+ / v) \xo - y)v) \xo) 

./ T ~ 1 


/ vf"^^\xQ - y) 
\ vf\xQ-y) 


vf\xQ) j 


dKj{y). 


From Xo < a„+i(l) and x i-G v^^\x) is increasing on (0,an+i(j)) as x i-G v^^~^^\x) is positive 
on (0,an+i(j)), see Lemma [5.29113]) . then —u["'^(xo)x|"'^^^(xo) < 0 in (|5.62p . Also < 0 


on 


(0,xo) means that x 




(x) 


{^) /- \ 
v) ’{x) 


decreases on (0,xo). Thus the integrand in (15.621) is positive. 


However, as kj is non-increasing on 1R+, dKj{y) defines a negative measure for y G [j oo) and 
dKjiy) = Ody, for y G (0, j“^), we deduce that the integral in (15.621) is negative too. Therefore 
vj^\xo) < 0 which is in contradiction with the definition of xo, i.e. Vj'^\xo) = 0. Thus, if 
Kj{0~^) > 2n + 5, is log-concave on (0,a„+i(y)), completing the proof. □ 


Lemma 5.32. Let if) G A/’oo,oo(w,). Then, for all n>0, limj^oo uniformly on M+. 

Consequently, is log-concave on (0,a„+i). 


Proof. Since G A/’oo,oo(?^) C AA’oo(m) then /?(0''') = oo, see Proposition 15.101(1]) . Pick j such 
that Kj (0"*“) > 2n -|- 5 and Vj corresponding to it as in Lemma 15.291 From m Lemma 2.4 
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(2.17)] for the first relation and (I5.37P for the second we get that 


(5.63) 


|jFu^.(z6)| ^ o (|6| and \T^{ih)\ ^ o (|5| “) , for any n > 0. 

Therefore, for any 6 G M and A: < n + 2, 

/•CO poo 

/ e^^^vf\y)dy = H^F^.{ib) and / (^^^v^^\y)dy = 

Jo Jo 

Therefore, by Fourier inversion, for any k < n + 2, 


sup 

a ;>0 


1 

vf\x) - v^^\x) \b\’" - J^u{ib)\ db. 


However, (|5.63l) implies, for |6| > 1 and some C > 0, that \Tvj{ib) — J'p{ib))\ < C\b\ 

Also, from the definition Kj{y) = k, (max(y, j“^)), (j5.inp and (j5.57p . we have limj^oo(*^) = 
J''u{ib) pointwise. Therefore the dominated convergence theorem applies and yields 
uniformly on M+, for any k < n + 2. This allows to show that ^loguj"^^ —)• (log 9 for 
X € (0,a„_,_i) with = lim an+i{j) defined in (|5.58p . Since from Lemma [5.311 we have 

j-^oo 

that is log-concave on (0,a„+i(j)) then is log-concave on (0,a„_,_;^). Next, we show 
that a^i+i ^ o,n+i-,n > 0. From [OU Lemma 4.4], we conclude that limj^ooOi(j) = oi = a;^. 
Assume that < a^+i, n > 0. Then Lemma 15.29l|5|) and j such that /?j(0''') > 2n-|-5 imply 

that vY'^^\an+i{j)) = 0. Choose {an+i{ji))i>i such that limi^oo an+i{ji) = a^+i- Then 
the uniform convergence of to g C°° (M), see Proposition 15.101(3]) and 

p(n-i-i) > Q Qj^ (0,a„+i), see Lemma [5.18tfT]l yield with the help of vY^^\an+i{j)) = 0 that 

0 = lim {an+i{ji)) = > 0> 

1^00 


that is a contradiction to Un+i < o,n+i- Therefore is log-concave on (0,an+i). 


□ 


Finally, to prove the condition it remains to show that, for all n > 0, 
(5.64) y !->• fn{y) = e“"'^T*'"'^(e“^) is log-concave on (—log a„+i, oo). 


Since multiplication by e does not alter the log-concavity property we check that 
(5.65) y !-)• is log-concave on (—loga„+i, oo). 


Relation (I5.65P comes from Lemma 15.331 which can be seen to be applicable to as follows. 
First set v = and choose A = a„+i > 0 and note, from Lemma l5.18tfTp . that u > 0 on 
(0, a,i) A (0, a,i+i). Next, clearly from Proposition 15.10tl3ll . v G C°° (M) and u = u' = u" = 0 on 
(—00,0]. Also Lemma [5.321 gives that v is log-concave on (0,a„+i). Finally, from (I5.36p . since 
( 5.66p and (|5.67p hold with u = n + 1 and with k = k and JYk{y)dy < oo, we conclude that 


fd ydkiy) 


< oo. 
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Lemma 5.33. Let ^4 > 0, u : (0, ^4) M"*" and v,v',v" : [— oo,^] i—>• M. Assume that 

v{x) = v'{x) = v”{x) = 0, for X < 0, V £ C^((—oo,A]) and v is log-concave on (0,74). 
Moreover, let for any x £ (0,74) and some u £ M+, the following equations hold 


(5.66) xv'{x) = —uv{x) + {v{x — y) — v(x)) dn^y), 

(5.67) xv''{x) = —(if 4- l)v'{x) + {v'{x — y) — v'{x)) dK{y), 


where k : M+ i—)• M+ is non-increasing and 
log-concave on (—ln74, oo). 


fo vMy) 


< oo. 


Then, even y v{e ^) is 


Proof. Differentiating y i—)• logi;(e ^) twice and performing a change of variables it suffices to 
show that for any x £ (0,74) 

V{x) = xv{x)v'{x) + x‘^v"{x)v{x) — x^(v'(x))^ < 0. 

Multiplying ()5.66p (resp. (15.671) i by v(x) (resp. xv{x)) and then (15.661) separately by —xv'{x), 
we evaluate V by substitution to get that for any x £ (0,74), 

poo 

V{x) = —uv‘^{x)-\-v{x) / v{x — y) — v{x)dK{y) 

Jo 

poo 

— {u-£ l)v'{x)xv{x)-£ xv{x) / v'{x — y) — v'{x)dK{y) 

Jo 

poo 

+ uxv'{x)v{x) — xv'{x) / {v{x — y) — v{x)) dK{y) 

Jo 

poo 

= —xv'{x)v{x) — uv‘^{x)-l-v{x) / {v{x — y) — v{x)) dK{y) 

Jo 

poo poo 

+ xv{x) / {v'[x — y) — v'[x)) dK{y) — xv'{x) / {v{x — y) — v{x)) dK{y). 

Jo Jo 

Note that from the equation (15.661) we also get that 

poo 

—v'{x)xv{x)—uv^{x) = —v{x) / {v{x — y) — v{x)) dK{y) 

Jo 

and thus 

poo poo 

V (x) = xv{x) / [v'{x — y) — 'y'(x)) dK{y) — xv'{x) / {v{x — y) — v{x)) dK{y). 

Jo Jo 

Note, that since u > 0 on (0,74) and u = u' = 0 on (—oo, 0], we have that, for x £ (0,74), 

V{x) = ^ (^J v{x)v'{x — y) — v'{x)v{x — y)dK{y) 

v'{x — y) v'{x) 


= ^ (^J v{x)v{x — y) ^ 


dK{y) < 0, 


v{x — y) v{x) 

since by assumption v is log-concave and thus x i—>■ (logu)'(x) is non-increasing on (0,74), u > 0 
and dK{y) defines a negative measure because k, is non-increasing. This settles the claim that 
y v{e~y) is log-concave on (—ln74,oo). □ 
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5.5.2. Condition (jaj). For any n > 0, set = min(o„, (where we recall that the a'^s are 
defined in Lemma l5.18lfT]) l and 

(5-68) fa,n{y) = /n(y)I{y>l„a-l}> V 

where from (j5.64jl . fniu) = Then, according to Lemma 15.181 since > 0 on 

(0,an) we have clearly fa^n > 0 on (lna“^,oo). We shall check that condition (jaj) holds for 
fa,n- We start with the following result. 

OO 

Lemma 5.34. For any n > 0 both fa,n and Fa^n{x) = f fa,n{y)dy have a very thin tail. 


Proof. Fix n > 0. First, plainly fa^n satisfies (|5.52p . Moreover, from (|5.38p of Lemma 15.191 
we have for any A: > 1, 

(5.69) lim e^yfaniv) = Hm = lim = 0, 

y—>-oo ’ y—>-oo 

i.e. p5.58p holds and therefore fa,n has a very thin tail. We now turn to Ta,n- The fact that 

CXD 

Fa,n{x) = f fa,n{y)dy is ultimately positive is clear. Finally, using again the definition of fa,n, 

X 

we observe that, for any k > 1 and for x > — Inon, 


poo pe ^ 

e^^Fa,nix) = e-^yd^^\e-y)dy = e^^ 

Jx Jo 

We stress that for the last inequality we have used that is non-decreasing on (0, ( 

Lemma 15.181 This together with (|5.69l) completes the proof. 


see 

□ 


To prove that condition (jaj) holds, it remains to check the asymptotic equivalence of the bilateral 
moment generating functions, i.e. Ff^{u) ~ We stress that this equivalence requires a 

specific behaviour of the Mellin transform of v along imaginary lines. We split this verification 
into several intermediate lemmas as their results are required for other purposes. We shall need 
the following technical lemma which allows to study fn via Vn, as defined in (|5.56p . 


Lemma 5.35. Let ^ G M{m) and > 2. Then, for any x > 0, n G N with n < — 2 and 

for any a < 1 — d^, there exists a constant C = Cn,a > 0 


(5.70) 



< Cx-^-'^. 


Proof. First, from Theorem l5.1l!fT]) . we have Aiy^{z) G Then, from (I5.12p of Propo¬ 

sition ESI and Lemma [5.20lfTll . one can deduce the following relationship between Mellin trans¬ 
forms 


(5.71) 


MvAz) = .(2 - z) = (1 - z), z G C 


m 




where we recall that, for any G M{m) we have (/>(0) = m > 0, TA{u) = u4>{u + 1) G 


and (1 — 2 ) = E 
(resp. Mi^) is a 


1/1 


The requirement > 2 is to ensure that the Mellin transform 

asolutely integrable against any polynomial of order A: < — 2 on Ca 
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with a > (resp. smaller than 1 — see (15.31) . The estimate is obtained by following a 
similar line of computation as for the proof of Lemma 15.221 □ 


Our next Lemma specifies some preliminary properties of the bilateral moment transforms to 
interval of M. Recall that {u)n = r(M+t-n) • 

Lemma 5.36. Let ip G J^oo,ooi'nT-)■ For all n > 0, we have, for u > 0, that 
(5.72) + 1) = m {u)n Mv,f,{u + 1) = {u)n 

where A4v„ is the moment transform of Vn, recalling from (15.561) that fniu) = e^Vnie^) = 
y G M. 


Proof. From (|5.71l) we have that M-i^ G and since Vnix) = x ” we get 

that, for u > 0, 


(5.73) 


M.Ju + l)= / y—^y^F^^\y)dy. 

Jo 


To use integrations by parts fot the last integral, we need to verify in the process that 

limx'^-“-'+^T('‘-')(x) = lim = 0. 

x—^O x^oo 


The first limit follows from (|5.38|) . The second one is deduced from (l5.7Up since 




holds for any x > 0, a < 1 — and we choose a G (1 — n, 1 — d^j,). Therefore, we get that 
A^u^(n + 1) = {u)n.M.i,i, (—u) = m (u)n Af (u +1), where for the latter we have invoked (|5.71l) . 
Finally, from the definition (|5.56l) we conclude (|5.72l) via the computation 

r roo roo 

iFu{u)= / e^yfn{y)dy= / x““”'“^T("')(x“^)dx = / x“un(x)dx = Af^„(u + 1). 

Jr Jo Jo 

□ 


We now check the asymptotic equivalence of the upper tail of the moment generating functions 
of fn and fa,n, see (|5.68|) . which completes the verification of condition (jaj). 

Lemma 5.37. Let ip G J^oo,ooi'>xi). Then, for any n > 0, we have 

(5.74) 

Proof. Set fa,n{y) = fniu) “ fa,n{y), ?/ G M, n > 0, and note that, for u > 0, 

A/„ (u) = „ (u) + (u) = A4^„ (u + 1) 

pan-l-l poo 

= / y^-^-^n^^\y)dy + /_ y^-^-'^T(^\y)dy, 

Jo t/G-Ti-j-l 
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where we recall that a„ = min (a„, and we have used (j5.72|) and (j5.73p for the second and 
third identities. Moreover, we get, with u > 2n, that 


(5.75) 


noo 

- ^ 
^n+1 




u^"->{y)dy 


< cKX'r 




' ^n + 1 


with C > 0 throughout being a generic constant depending at most on n. However, it is 
immediate from (j5.4ip of Lemma 15.211 with p = 0, a = 2 that 


poo 

/_ y-^\u^^\y)\dy<C, 


and thus from (j5.75p we get that 


(5.76) 

Ff (n) 

Ja,n ' ' 

= 

poo 








Furthermore, using that is non-decreasing and positive on (0,a„+i), see Lemma l5.181fTp . 
(0) = 0, see (|5.40l) with 4 = 0 and n — 1 — u < —n < 0 when u > 2n, we obtain that 


t 

/■“"+1 , I S /"“n+l . I S 

= / x”-^-“i7W(x)dx > / x^-^-^v^'^\x)dx 

Jo Jo 

^0 


\ -2n—2—2u 

> fln+l 


Clearly, then, from (|5.76l) . we have that 


Tf {u) 

Ja,n ^ ' 


J^fa,n (^) 


< 


c 




a. 


n+l 


c 


i7(’^-i)(a2^i)4”i2 (a2^0 


-u-n+3 

^n+1 ~ ‘J'.-'-J’ 


since On+i < i. Therefore, ~J7a,n(^)- 


□ 


5.5.3. Condition (jcj). Since we have shown that the conditions (|aj) and (jbj) hold, we proceed 
by discussing the asymptotic properties of The next result is in fact a restatement of 

(15.21) of Theorem 15.11 for /„. 

Lemma 5.38. For any n > 0 and V’ £ AA(m) 

(5.77) J^uiu) ~ C^m (u)^ 4 = I3(u)e^^'^\ 

where (tt)+ = {u)n V 1, > 0 and G{u) = In (j){r)dr. 


Proof. Relation (j5.77p follows immediately from (I5.72|) and 


□ 


The last lemma shows that the functional form of the asymptotic of u —>■ oo, is as 

required in condition (|cj). In order to check that the terms appearing in the large asymptotic 
behaviour (|5.77l) of satisfy the conditions in (|cj), we need to modify the function G which 
is simply defined on R+. To this end, we note that, for u > 0, 


(5.78) 


G(2)(7x) = 




77 




































Since > 0, we may for instance consider the function 

Gi(tt) = G(u)I{„>i} + u + G(l) — G'{1) ^ -2^^ ^ 




which is strictly convex on the real line. However, since the remaining conditions involve only 
the large asymptotic behaviour of Gi or related functionals at oo, there is no loss of generality 
of keeping the notation G throughout. In the same vein we simply write 


(5.79) sg{u) 

We first have the following result. 


1 

\/G'(2)(u) 



Lemma 5.39. For any iIj G M{m) it is true that lim^j^oo sg{u) = oo. Moreover, 


Proof. Since cj) G Bj^ then Proposition 14. ItfH)) gives ^J,{dy) = Il{y)dy. Then, from item ([4]) and 
(j4.3p of Proposition 14.11 we have that (u) = is the Laplace transform on R_|_ of the 
measure (a'^So + /r) * T with jl{dy) = yfi{dy), y > 0. Therefore limu^oo Sq^{u) = 0. □ 


Our first result provides a necessary and sufficient condition in terms of (j) for sg to be self- 
neglecting, see (|5.51l) for a definition, and /3{u) = (u)+ to be flat with respect to G, see 

(|5.54p . This together with (j5.77p will ensure that satisfies (jcj). 


Proposition 5.40. Let (p G Bj\f. Then, 

' u^(p'{u) 


(5.80) 


lim 

U^OO 


(j){u) 


u 


= lim 

u^oo SG\U) 


n(o+) 


G (0, oo] 


and the latter limit is infinite if and only if fi £ Mooim). As a consequence 


(5.81) lim 

u—^oc 

and 


(j){u + asG{u)) 
(p{u) 


= 1 uniformly for a-compact intervals of \ — i = 


n(o+) 


, oo 


(5.82) lim = 1 uniformly for a-compact intervals of 

«^oo (p'{u) 


fj G A7oo(m). 


Thus, fj G A/’oo(m) is a necessary and sufficient condition for n > 0, to satisfy the condition 
fcj). Consequently, for any G Moo{ni), (jcj) is satisfied. 


Proof. From ()5.79p note that p5.80p is a restatement of Proposition [4^ which also asserts that 
the limit of pS.SOp is inhnite if and only if V’ G A/’oo(m). Let Uq > 0. Then, for any a G (0, Uq), 

ru+ascG) 

4> (uasG{u)) = 4>{u )/ (l)'{s)ds < 4>{u)aoSG{u)4>\u), 

J U 
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where the last inequality follows from the fact that </>' is non-increasing due to ProDositioi jd.llp]) . 
Therefore, as (j) is also non-decreasing, we have that 


<p{u) ^ ^" ' sg(u)' 

Since from Lemma 15. 391 lim^j^oo sg{u) = oo, we get (|5.81l) for compact intervals of M+. Choose 


arbitrary but hxed Uq G ( 0 


n(o+) 


From ()5.5ip there exists uq = u (ao) >0 such that for 


all u > uq, 1 — < 1. This, together with cj)" < 0 on R+, see (j4.3p . which implies that cj) 

is a concave function on M+, gives for all u > uq and a G (0, Uq) that 

, ^ (j) {u - asciu)) ^ ^ , , , ao 

1 > - -Ti—\ - > 1 - flo , . sg{u) = 1 - ^ 

(p{u) (p{u) sg{u) 

and (I5.8ip follows. Next, sg > 0 on R+ and we observe, for any n > 0, that 

I --. r) 

(u-FasG(u))(„) , 


u 


(n) 


1 + 0 


sciu] 


u 


— 1 + 04 


u^(l)'{u) 


Hence, 'll: G Moo{m) is necessary and sufficient for /3(u) = (u)+ to be flat, i.e. that 

(5.83) lim ^ U{u + asg(u)) ^ ^ uniformly for o-compact intervals of R. 

(p{u) 

We proceed by showing that (j5.80p is sufficient for sg to be self-neglecting which by the 
definition of a self-neglecting function, see (j5.5ip . the form of sg, see (j5.79p . and (j5.8ip is 
equivalent to showing (|5.82p . Let us assume that > 0. Then (I5.82p follows from 4>{u) ~ <t^u 
and (j)'{u) ~ i.e. Proposition 14. 1 l|3l) . Let = 0. Pick o G (0, Oq). Then we again use that 
(j)' is non-increasing and the second representation of (j)' in (14.3p to get 

0'(u + asG(t^)) _ 


1 > 


4>'{u) 




> 


f SGiu)Y^Iir^ "^y^{ il+au-\aiu)) )dy 

\ U J _ 

fl + a^V^ ^o°°":f^(^)-^^ >fl + ao 
V u J 4 )'{u) V 


-2 


where we have also used that H is non-increasing and 1 + ou ^sg(u) > 1. Clearly, then the 
right-hand side converges to 1 if and only \i ijj ^ N'aoi'm). Similar computations give 

^'{u-asG{u)) _ Y e-y(^-^^oiu))yjl^y^dy 


1 < 


(p'iu) 


(p'{u) 




u 


(p'iu) 


< 1 - ao 


Sciu] 


u 


-2 


and we conclude the proof of (j5.82p . Therefore, from (j5.77p . satisfies the condition ^ 
holds if and only if G Moo{rn). The proof is thus completed. □ 
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5.5.4. End of the proof of Theorem \5.24\ Let G A/’oo,oo(^)- We apply Proposition 15.261 to the 
functions /„ via their truncation fa,n > 0 on ^(Ina^)”^, oo^ , see (|5.68p . Lemma [5.341 gives the 
first part of Proposition I5.26lfap that is Fa,n{x) = fa,n{y)dy and even fa,n are of very thin 
tail. The fact that ~ ^{u) follows from Lemma [5137] which proves (jaj). Condition (|b]) 

for fn follows from the second claim of Lemma 15.271 The first condition of item (|cj) is Lemma 
15.381 When ■0 G A/’oo,oo("i) the properties of /3, G follow from Proposition 15.401 after observing 
from Lemma 15.381 that 

rd>'(r) 

G(u) = / ln(;/!)(r)(ir = riln(/)(tt) — / dr — ln(^(l) 

Ji Ji (P{r) 

and /3(tt) = G^m (tt)(„) a/(/>(«). Therefore, we conclude that (|5.55l) holds, that is 

Uy) S 1 

V 27 r SG* [y) 

To get G* and /3* we use the definition of the Legendre transform ()5.50l) . Henceforth, 

G* (y) = sup{yu — G{u)} = y(p{e^) — G{ip{e^)) = [ ^ dr + [ ^ dr + In 0(1), 

wEM. Jm ^ ^ 

since the relevant supremum is attained at y = G'{u) = liii(j){u) and ip : [m,oo) [0,oo) is the 
inverse function of f). To compute sq* we just differentiate twice G* to get 


SG*{y) = 


1 


1 


= y/e y(j)'{ip{ey)). 


V^(G*)C)(y) ^eVif'iey) 

Finally, since (d*{y) = /3(ri), y = G'{u), see Proposition 15.261 we get that 


/3*{y) = /3((/?(e^)) = G^m{ip{e'^))n^/ cj){ip{ey)) = C'^m(y?(e^))„\/e^ 


and clearly 

(d*{y) ~ G^my/^ip^{ey). 

Therefore, collecting all the results so far and applying (I5.55P we get that 


fn{y) 


1 /3*(y) G*(v) 


i,m 


e "" vy/ ^ ip'{ey)e r 


dr 


V^SG*iy) 

From p5.56p we know that /n(y) = (e^) = hence 




(^e-y) 22 


Thus p5.47p and p5.48l) hold. Relation p5.49l) then follows from p5.16l) . This concludes the 
lengthy proof of Theorem 15.241 
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5.6. Proof of Theorem 15.5L Let us recall, from Proposition 15.81 that 

(5.84) i^ix) = , 

\x / 

with Pi the density of iTiip, where Ti'4’{u) = u(pi{u) = u4>{u + 1) G Since, from (15.481) 

of Theorem 15.241 we know the small asymptotic behaviour of any derivative of Pi an application 
of the Faa di Bruno formula with kn = Yl^=i3^j kn = YlJ=i % gives that 




(n) 


E 


n\ pj^^ [x 


kn=n-,kn=k nj=l n 3—^ 

i=i 






(5.85) 


(-ir_ E 

kn=n-,kn = k 


n 


f ^ — ry. — n — k 


! Pf ^ (x-i) 


X 




CXD 




n\ipi{x) 


ki\k2\ ... fc„!’ 

kn=n]kn = k 

where as usual pi(rE) = x, ipi{4>{u + !)) = « is the inverse function of = (f){u + 1), 

'kkii = <?^i(0) = (/>(!) and we have used that under the sum with k^ = n,kn = k, we have 

n (pi(x"^)(^)) " = (-l)”x"”"^ n(j!)^"- Since lim^^oo </?i(w) = lim^^oo + 1) = oo, 

i=i i=i 

the leading term in (15.851) is for ki = n and /c 2 = • • ■ = = 0. Recall that if{4>{u)) = u and 

m = (?!)(0). Thus, we get that 

ifi{r) = (/?(r) - 1 ~ (^(r), if’^{r)=if'{r), 

X X mi 

/nih* = I _ I hh* 

mi m m 

r^i \ dy 

Plugging these relations in (|5.85p we get with that 

(5.86) ~ 

\^/ y 27r 

Then differentiating n times the relation (j5.84D . we get employing (j5.86D that 

(5.87) .(”)(.) S f(_l)-=(")<^p("-)(i) 


OO 




OO 

r\j 


k=0 

V ZTT ^ 

where for the last sum we have used again the fact that (f'^ix) dominates all other terms. This 
proves m of Theorem 15.51 Next, assume that > 0, and note that, since ~ see 
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Proposition l4.1t|3]) . we have from (j)' {(p{y)) ‘f'iy) = I, y > m, that ip'{y) ~ cr ^ and (p{y) ~ a "^y. 
Moreover, from the first expression of (|4.2I) with p, = 11, since cj) € (p solves on (m, oo) 

poo _ 

y = (l){p{y)) =m + a‘^p{y) + p{y) / = m + a‘^p{y) + (p{y)H{y), 

io 

where the last identity sets a notation. Re-expressing a^(p{y) = y — p{y)H{y) — m y, we 
obtain that H{y) = o (1) and pi{y) := ip{y)H{y) = o (y). Thus, (15.811 follows from substituting 
f{y) = (y — ^liy) — in the exponent of (j5.7p and applying p'{y) ~ and (p{y) ~ cr~^y. 
Assume in addition that 11 G i?yi_|_Q(0). We refer to [T7] for a detailed account on this set of 
functions and to (jl.35|l for their explicit definition. Then a classical Tauberian theorem gives 

that n(y) ~ ay~'^i{y) with £ a slowly varying function and subsequently that 

poo _ 

H {<P{y)) = / e-y'^TL{u)du ~ aT (1 - a) y'^~H{y). 

Jo 

Thus (pi{y) = p{y)H{y) ~ q-P (1 — a) (p°^{y)£{p{y)) ~ aP (1 — a) which concludes 

the proof of this case. If now n(0“'') < oo, then from the identity 

pi{y) = p{y)H{y) = p{y) J e~‘^^'^^'^Il{u)du = J (i- “ I[{u)du 

combined with p{y) ~ a~‘^y we finally get liuiy-^oo p{y)H{y) = n(0^)- Next, we assume that 
= 0 and ip G A/’a with a G (0,1), that is V'(y) ~ and thus 4‘{y) ~ Cay°‘- A 

oo —- 1 

standard result from m tells us that p{y) ~ Ca “2/“- Finally, from the monotone density 
theorem thanks to the monotonicity of (j)', see Proposition 14.1 Ip]) . 4>'{y) ~ aCay°‘~^ and from 

the identity 1 = (j)'{(p{y))(p'(y) we conclude the statement as we have p'{y) ~ a~^Ca 
This completes the proof of Theorem 15.51 

5.7. End of proof of Theorem II.61 We proceed by describing the dual semigroup. We start 
by recalling that for any ■0 G M, it is shown in [141 Lemma 2], that, for any f,g & B6(]R+), 
writing here (/, y) = /g f{x)g{x)dx, one has the following weak duality relationship 

{Ktf,g) = U,ktg) 

where {Kt)t>o is the (minimal) Feller semigroup of the self-similar process (with 0 an accessible 
absorbing boundary when m > 0) associated via the Lamperti mapping to the dual Levy 
process ^ with Laplace exponent Jj{u) = —V'(—u),u < 0. Note that, actually, in the 

aforementioned paper, this duality is stated for m > 0 but the case m = 0 follows from their 
proof without any modification. In all cases the Lebesgue measure ^(dx) = dx is an excessive 
reference measure, i.e. ^Ktg < ^g, y > 0. Then, from (I2.18jl . we deduce the identities 

(5.88) {Ptf,g) = e\K^_,-tf,d,tg)=e\f,k,_,-td,tg)=e\f,Ptg) 

where the last identity is used to set a notation. By following the same computation than above, 
one easily shows that P is also a Feller semigroup on (0, oo) and ^Rty = ^Ki_g-tdf,tg < e“*^y. 
The identity (I5.88P combined with the invariance property of the measure v{x)dx yields 

e\f,Ptv) = {Ptf,v) = {f,u), 
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that is the positive and continuous function v on (0,r) is a —1-invariant function for P. Thus, 
we may define for any x E (0,t), g{x) = -^^Pti'g{x), i.e. P* is a Doob-h transform of P, 
which dehnes at least the semigroup of a standard process, see m- Then, with the obvious 
notation, we deduce the weak duality relationship, with v{x)dx as reference measure, 

(5.89) {Ptf,g)u = e\f,Ptgu) = {f,P:g),, 

and I'Pig = -^^Ptgi'{x)i>{x)dx < vg. Finally, from Theorem I5.2l|2a)) . we get that v E 

Co(K+) for any > 1. Since P is a Feller semigroup on (0,oo) and, for any g E Cb(]R+), 
vg E Co(K+), we deduce that Ptvg E Co(K_|_) and thus P^g E C(0,r). Moreover, the inequality, 
valid for any x E (0,r), 

\Pt9{x)\ < \\g\\oo-^Ptv{x) = Halloo 

V\X) 

implies that P* is a Feller-Dynkin semigroup on (0, r) for any Nj > 1. In all cases, by considering 
in (|5.89p the extension P E B(L^(i^)) gives that P* admits a contraction semigroup extension in 
L^(i/) which completes the proof of Theorem [T^HH). It simply remains to provide the expression 
of the generator associated to the Feller-Dynkin dual semigroup when > 2 to complete the 
proof of Theorem 11.61 Proceeding as in (j2.19p . we get, with the obvious notation, that for any 
/ : K such that y i-^ fe{y) = /(e^) E C^([-oo, oo]), Gf{x) = Gof{x) -h xf'{x),x > 0, 

where Go is the generator of the self-similar semigroup K associated via the Lamperti mapping 
to ipiu) = and its expression can be found in [63]. Now, since for > 2, we have from 

Theorem 15.21 that v E Cg(M_|_), and thus for any / : M_|_ M such that {fv)e E C^([—oo, oo]), 
we have G*f{x) = j^Gvf{x). Some easy algebra completes the proof of item ([5|). Finally 
the last item follows first from the fact that when 11 = 0, then P is the semigroup of a diffusion 
which is well known to be self-adjoint in where v{x)dx is the so-called speed measure, 

see Example 13.11 Otherwise, the conclusion is obvious as the semigroup P is associated to a 
process having only negative jumps whereas its adjoint have only positive jumps, see (15.881) 
and the fact that the direction of jumps is left invariant by /i-transform. 
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6. Bernstein-Weierstrass products and Mellin transforms 


In this Chapter, we study in depth the Mellin transform of the variables V^p and Ip, defining, 
when '0 € AA and cj) G Bj\f, the invariant measure and the intertwining operator, respectively. 
We point out that we shall actually focus on a generalization of these sets of random variables, 
i.e. for (j) ^ B, see (j4.ip for definition. Indeed, our approach is comprehensive enough to extend 
the results without any specific efforts to the most general framework. We also point out that 
these variables have been the focus of interest of a number of intense studies in the probabilistic 
and harmonic analysis literature over the last decade, see Section 16.11 below for a review on 
these classes of variables. This part also complements to the right-half plane, that is C(o,oo)) 
a very interesting research developed by Webster [lO.Sj on the positive real line for functional 
equations of the form (I 6 . 6 jl below. To state the main results of this Chapter, we introduce the 
following notation. For a function </> : C —)• C, we write formally the generalized Weierstrass 
product 


( 6 . 1 ) 


Wp,{z) 


- I I 


where also formally 

(6.2) = 


Note that if (f){z) = z, then Wp, corresponds to the Weierstrass product representation of the 
celebrated Gamma function T, valid on C\{0, —1, —2,...}, and 7 ,^ = 7 is the Euler-Mascheroni 
constant, see e.g. [64], justifying both the terminology and notation. For positive integers we 
recall (11.181) . i.e. for any (j) ^ B, Wp,{l) = 1 and for any n > 1, 

n 

Wp,{n + l) = W(t>{k)- 

k=l 


We point out that the definition (11.191) extends to any (j) & B, i.e. 


dp, = sup{u < 0; (p{u) = —00 or (j){u) = 0} G (—oo,0] . 


Here are the two main results of this Chapter. 


Theorem 6.1. Let (p ^ B. 

(1) There exists a positive random variable Vp,, whose law is determined by its entire mo¬ 
ments 

(6.3) E[V^]=Wp,in + l), nGN. 

If in addition p G Bjp-, then the following identity in law holds 

Vp, Vp,, 

where 'ip{u) = u4>{u) G JV and recall that Vp, was defined in Proposition (note 

that since AAn H = 0 the notation is consistent). 
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(6.4) 













(2) The product W^j, in (|6.ip is absolutely convergent on with 0 < 7 ^ + In </)(!) < 

< 00, and, on C[o^oo) */ 0(0) > 0 and d^ = 0. Thus, always G -4(d^,oo) */ 

addition 0(0) > 0 and = 0 then W^j, G ^[ 0 , 00 ) • 


(3) 


(6.5) 


( 6 . 6 ) 


Finally, writing Ady^iz) = E 




z—1 


for the Mellin transform ofV^, we have on C(rf^^oo) 


Mv,iz) = W4z), 

and, is the unique solution, in the space of Mellin transforms of probability mea¬ 
sures, to the following functional equation with initial condition 

M^{z + 1) = (l){z)Mcj,{z) with = I, 

valid on o.nd on C[o,oo) provided that 0(0) > 0 and d^ = 0. 


Since the proof of Theoren jO.ltfTT) is straightforward, we supply it here. The relation ()6.3I) can 
be found in m Proposition 1] whereas the identity in law ()6.4p can be deduced, by moments 
identification, from the expression (|2.20p . i.e. + 1) = W^{n + 1), n > 0, when ijj G M 

and hence 0 G Bjy. The remaining claims are proved in Section 16.31 

We proceed by stating bounds on for 0 G along with detailed information regarding the 
asymptotic behaviour of for (f> G Bjy, which, according to (|6.4p and p6.5l) . boils down to the 
Mellin transform AAy^ with = u(l){u) G Af. We recall that the asymptotic behaviour of 
A4y^, on the positive real line has been presented in p5.2p of Theorem 15.11 Another purpose 
of the next Proposition is to elucidate the role played by the classes A/"© = {0 G Af; > O}, 
where 0^ = hm /q°° In dy, and Afoo introduced in the Table [U and [2] in Chapter 

[TJ More detailed statements about these asymptotic estimates together with further examples 
are provided in the subsections I6.5H6.8I below, which also contain the proof of the following 
assertion. 


Theorem 6.2. 

(6.7) 


(1) Let (f G B. Then, for any a > 0 and 6 G IE 

\W4a + ib)\ X V^^W^-|6|e,(a,|6|) 
a/|0(o + z6)| 

where 0^(a, |6|) = In dy and for anybG '. 

0 < 0^(a, |6|) < 


(2) Let if G Af and hence (t){u) = G Bjy. 

(a) For any p = 0,1,..., any real number u < max(Nj — 1,0), recalling from (jl.Sp that 
— 1 with Nj = 00 i/n(0^) = 00, and a > d(j), we have that 

lim |6|“|W0(a + i6)| = 0. 

|6|^oo 

In particular, if G Afoo if o,nd only if (16.81) holds for all u > 0 and a > d^f,. 
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( 6 . 8 ) 


















(b) We have G [O, with the following specifie values. 

(i) if if G J\fp then ©^ = ^ and if G A/e, 

(a) if if ^ Afa, a G (0,1), then ©^ = |a and if G A^e, 

i/n(y) = |lny|^I[o,i/2](?/) then ©^(|6|) ~ In^ 6 and V’ G -Mx; \ A/e- 


Theorem I6.2I|T|) is proved in subsection 16.5.11 the proof of Theorem 16.2t 2fbii). I6.2t 2fbhi) and 
Theorem I6.2t 2(bhii)i is given in subsection 16.8.11 16.8.21 and I6.8.3P respectively. Finally, the 
proof of Theorem l6.2H2al) is discussed in the following remark. 


Remark 6.3. Identities dean and (|6.5I) yield that and the necessary and sufficient 

conditions for the polynomial decay of along imaginary lines stated in (16.81) follows readily 
from the estimates (|5.3p on AAy^. Recall that (|5.3I) was obtained by means of the Riemann- 
Lebesgue Lemma combined with the general theory of the class of self-decomposable variables. 


Remark 6.4. We emphasize that our developments on Bernstein-Weierstrass products offer a 
unified and comprehensive treatment of some well known and substantial special functions. 
In order to illustrate this fact, without aiming at being exhaustive, we simply mention two 
examples. First, note that, with = m = 0 and fJ.{dy) = , 0 < g < 1 in (j4.2h . then 

G R \ Bjy, and = Fg is the g-gamma function, which has been studied 

intermittently for over a century and originally introduced by Thomae in 1869. Moreover for 
(f{u) = (f^^_i (f) = G Bjy, see (|1.15l) for the definition of then boils down 

’a ’a 

to the ratio of the Barnes gamma function. Note also that our work reveals some interesting 
connections between these special functions and the spectral theory of some non-self-adjoint 
contraction semigroups. 

Remark 6.5. The upper bound for 0^(a, |6|) in (|6.7p . i.e. is attained precisely when cf(u) = u 
and b = oo. This is the case when if{u) = and is an exponential random variable, whose 
Mellin transform is simply the gamma function. In this sense the gamma function envelops 
from below the rate of decay of all Mellin transforms Aly^(z) along complex lines. 

Remark 6.6. We mention that to obtain the bounds (16.7p valid along imaginary lines, we resort 
to the Weierstrass representation of IRji and elaborate upon an approach which has been used 
to derive estimates of the gamma function and can be found for instance in [m Chap. 8]. 


The proofs of Theorem 16.11 and Theorem 16.21 are given after a short review on exponential func¬ 
tionals of subordinators which appear in definition (|1.13l) of the intertwining operator. 


6.1. Exponential fnnctional of snbordinators. We present here some basic facts on the 
so-called exponential functional of Levy processes, a random variable which has been inten¬ 
sively studied during the last two decades, something which seems to be attributed to its close 
connection to numerous mathematical fields, such as probability theory, harmonic and real 
analysis and mathematical physics, to name but a few. We refer the interested reader to the 
survey paper of Bertoin and Yor |16] and the paper by Berg and Duran [8]. Its original study, 
in the case of subordinators, traces back to the work of Urbanik |98] and the characterization 
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of its distribution through its Mellin transform for the entire class of Levy processes has been 
achieved by the authors. This has been announced without proofs in [79j and we refer also 
to m and m for previous developments in this direction. We refer to m for the detailed 
proofs of this comprehensive result. Let us now proceed with the definition of this random 
variable when the Levy process is a subordinator, that is, a non-decreasing Levy process, and 
we mention that the case when it is a spectrally negative was already introduced in Chapter 
IStjS.ip . For any (j) £ B, that is from (14.21) . 

POO 

(6.9) = m + a'^u + / [l — n{dy), u > 0, 

Jo 

where m, z,a'^ > 0 and /r is a Levy measure such that (1 A y) iJ,{dy) < oo, we write 


U = 


f 


e '^^dt 


with {rjt)t>o a (possibly) killed subordinator with Laplace exponent (j) (see Chapter U] for ex¬ 
haustive information on Bernstein functions). Since from the strong law of large numbers, 
limj^oo ^ = E [r/i] G (0, oo] a.s., we have I^j, < oo a.s., see e.g. [HI Proposition 1]. We now 
collect some basic known properties that are useful in our context. 

Proposition 6.7. Let (j) £ B. 

(1) The law of is absolutely continuous with density denoted by l and with support 
[0,(T“^] if > 0 and [0,oo) otherwise. 

(2) Its Mellin transform satisfies the following functional equation, with initial condi¬ 
tion A4/^(l) = 1, 

z 


( 6 . 10 ) 




( 6 . 11 ) 


valid on C(o,oo) o,nd G “4(o,oo)- 
(3) Its law is moment determinate, and, for any n > 0, we have that 

+ = 


ni 


W^n + 1 ) 


(4) Finally, E < oo, for any u < i?!)(oo), where <f{oo) is finite if and only i/ cr^ = 0 

and 77(0"'“) < oo, see (|6.9p for the definition of the measure p. 

Proof. The absolute continuity of the law of I,f, is shown in the proof of |78p Theorem 2.4] 
whereas its support is derived in [54p Lemma 2.1]. The characterization of as a solution 

to the functional equation (|6.10l) is given in [671 Theorem 1]. E = A4/^(u -|- 1) < oo for 
u G (—l,oo) follows from (|6.10p . The expression of the integer moments of (|6.1ip can be 
found in [16] . Finally, the claim E < oo for any u < <?i(oo) is immediate from ()6.1ip . 

W(j,{n-\-l) = 0^=1 the monotonicity of see ProDosition l4.1l!l2]) . and the Taylor expansion 
of the exponential function. The very last assertion follows from (|6.9p with u = oo. □ 
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We end this part with the following statement which provides additional insights on the variable 
Iff) and its proof is postponed to subsection 16.31 

Proposition 6.8. Let 4> £ B. Then z A4j^[z) = £ -^(o.cxd) is the unique solution in 

the space of Mellin transforms of probability measures to the functional equation (|6.10l) valid on 
the strip C(o^oo)- addition, ij!)(0) = m = 0, (/> does not vanish on i'R\ {0} and (/''(O'*') < oo, 

then z Aii^{z) = £ -^[0,00) is the unique solution on Cjq^oo)- 

6.2. The functional equations (16.61) and (|6.10p on M+. We start the proof of the main 
results of this Chapter with the following result which can be seen as a generalization of the 
Bohr-Mollerup-Artin classical characterization of the Gamma function. It is essentially due to 
Webster urn]. 

Lemma 6.9. Let (p £ B. Then, we have, for all u > 0, 

(6.12) Mv^iu) = W^{u), 

with 0 < 7(^ + ln(/>(l) < < 00. Moreover, is the unique positive log-convex solution 

to (16.6p on M+. Similarly, we have, for all u > 0, 

( 6 . 13 ) M,M = 

and, M. 1 ^ is the unique positive log-convex solution to (j6.inp on M+. 


Proof. Prom the items ([2]) and ([6]) of Proposition 14.11 for any f ^ B, the mapping u 4>{u) 
is positive and strictly log-concave on (0,00) and the limit in (14.61) holds. This means that the 
multiplier p in (16.6p satisfies the conditions of |ir)31 Theorem 7.1], which states that the limit 
defining 7^ in (|6.2p exists and in (16.11) is the unique positive log-convex solution of (16.61) 
on M+. We complete the proof of (I6.12p by observing that A4y^(l) = 1, for any n € N \ {0} 

n 

(6.14) Mv^{n + 1) = W^{n + l) = Yl Pik) = p{n)Mv^{n), 

k=l 

and, by recalling that the mapping u as the moments of order greater than — 1 

of a positive random variable, is a positive and log-convex function on M_|_. Thus, necessarily 
JHv^{u) = W(j,{u) on 1R+. The bounds for 7^ are provided in the comments preceding [103] 

Theorem 7.1]. Next, note, from ()4.6I) . that lima;^oo ~ u > 0, and from 

Proposition 14.10 that u is log-concave and positive on M+. Thus, we can apply again 

[1031 Theorem 7.1] to the functional equation with initial condition (16.101) to conclude that 
it has, on M_|_, a unique positive log-convex solution say given by the following infinite 
product representation 


(6.15) 


M^u) = e-(^-T'^)“^ n 


k=l 


p{u k)k 
p{k){u -h fc)' 


^'(k) 


for any u > 0, 
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where with g{u) = u/(f){u), 7^ = 7 — 7^ in |103l Theorem 7.1] comes from the computation 


IEI = (Ej-i°"-(E 


S 9(‘) 


\k=l 


^ 4>{k) 


— In (/>(n) 


= 7 - 70 - 

Therefore, one may rewrite (16.151) using (16.11) . for any tt > 0, as follows 


(6.16) 


TT ( ^ 

Mcj,{u) = 


W^{ 


u 


By proceeding as in the previous case, we conclude the proof of (I6.13h after recalling that 
Mi^ (n + 1) = (n) forn G N \ {0}. □ 


As the Mellin transform of some positive variables which have all momentsof order greater 
than —1 hnite, see (|6.12p and (|6.13l) . it is well-known that both and admit an 

analytical extension to (at least) C(o^oo)- Thus, the uniqueness property stated in Theorem 16. II 
(resp. Proposition [62]), that is = M.v^ (resp. = M.i^) is the unique solution in the space 
of Mellin transforms of probability measures of the functional equation (16.61) (resp. (|6. 1(1 1) 1. is 
an immediate consequence of an analytical extension argument combined with the uniqueness 
property established on the positive real line in (|6.12p and (I6.13P of Lemma (16.9p . The next 
two Sections contain the justification that the Bernstein-Weierstrass representation of A4v0 
and M. 1 ^ is also valid on C(o,oo)- 


6.3. Proof of Theorem l6.lL We start by recalling that the proof of Theorem lb.ltlT]) was given 
right after its statement and the proof of Theorem 16.1113]) follows, directly from the discussion 
above, once the analyticity property stated in Theorem l6.1l (f2p. that is IT^ G ^(o,oo), is justified. 
To complete the proof of Theorem 16.11 it remains therefore to extend analytically the function 
Wfj, to the positive half-plane. Let now (j) ^ B, and, for the reader’s convenience, we recall, 
from Section [4.31 for any a > 0 and 6 G M, the following notation 

POO 

Af(j){a) = ‘Si.{Ah4'{a)) = ‘Si{(j){a + ib) - = / (1 - cos{by)) e~°‘^g{dy), 

Jo 

poo 

Af4>{a) = ^{Ab4>{a)) = ^{(j){a + ib)-4’ia)) = cr‘^b+ / sm{by)e~°‘^ fi{dy). 

Jo 

For 2: G C(o,oo), i-G- z = a + ib, with o > 0 and 6 G M fixed, we write formally 


(6.17) 


Z4>{z) 


00 


n 


ct>{k + z) 


and, for any A: > 1, 


_ (f>{Zk) 
" ^{ak) 

where, for any number x and integer I, we set xi 


-iLAJib 


= X + 1. Then, we get that 


(t)ik) 


m 

<(>(afc) 


e 




-1 

k * 
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Thus, from ()6.ip and IT<^ solution on ]R_|_ to (|6.6p . see Lemma [6191 then on C(o^oo) 

OO 

(6.18) W^{z + 1) = (t>{z)W^{z) = [] 


k=l 


provided the last infinite product is absolutely convergent on C(o^oo) which by a standard result 
in complex analysis will follow if ~ ^1 ^ prove the latter it suffices to show 

that Y1T=i \^k ~ 1| < OO. To achieve this, hrst, observe that 


(6.19) 


Ak-1 = 


( A.f(P{ak) + iAf<P{ak) \ -i^b _ 

V ) 


4>"(a) 

<t>(a) 


is plainly non-increasing on 


Since from (I4.25h . 0 < Af^(j){ak) < ^ \4’''{o.k)\ and a >->■ 

because 4>' is completely monotone and cj) is non-decreasing, see Proposition 14.llpp . we get with 
the help of p4.5p and p4.27p for the last inequality below that 


E 

k=l 


^f4>{ak) 




u2 

< — V 
“ 2 ^ 
k=l 


4>”{ak) 




( 6 . 20 ) 


< 


62 /|</,"(l + a)| 


+ 


<(’(1 + o) Ja+l 


/•OO 

cP"{u) 

/a+1 

(piu) 


du < 


2VW 

+ T—- < OO. 


(1 -|- a) 1 -|- a 


Thus, it remains to show that |^A:| < oo, where 


Ak = 


iA?(/>(afc)\ -£l!iLib 
^ - h rv Kj ^ 

^ak) 






with Cfc(6) = cos (^^6) and Sk{b) = sin We have, using the estimates (14.251) in the 

second inequality and p4.4p in the second and third inequality, that 


E 

k=l 




( 6 . 22 ) 


< 


< 


< 


f62f^V 


1 + 






E 


k=l 
°° h2 


E 

k=l 


A;2 

6' 


fc2 


1 + 


1 + 


<P'{ak) 


4>{ak) 


< oo. 


Let us now consider the second term on the right-hand side of (I6.2ip . Since from (14.4p we have 
that 0 < lima^oo < hina^oo ^ = 0) then for any k > fco(6) large enough, 

>.«=*SI-<>((S)T 
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Therefore, as from (|4.4I) ^ < oo, to prove the summability of the 

second term in ()6.21l) it remains to prove the finiteness of the sum 


(6.23) 


CX> 


E 


4*{P‘k) 



^i^k) ) ^ (()(afc) 


Since from Proposition I4.1l!l^ . u 


is non-increasing on 


we get that 


(6.24) 


4>'iak)\ 

^ V <P{k) (j){ak) ) 


< 



(^'{k^ [a] -H) \ 
^{k -|- [a] + 1) / 


< 1 -|- [a] < oo. 


On the other hand, the form of and the second expression for (()' in (j4.3j) yield that 


|Af(/>(afc) - b(t)'{ak)\ 

4>iak) 


< 


< 


< 


1 


(piO'k) Jo 
1 


1 

(p{ak) 


sm{by) — by\ e ii{dy) 

|^|^/^ 2 /^e"“''V(dy ){I + \b\y)e~^>^yn{dy) 


b^\(p”{ak)\+ I {l + \b\y)e “'=^^(dy) j , 


\b\ 


where for the last inequality we have used the upper bound 



y2e-“'=V(t^y) < b'^ 



y‘^e nidy) = b"^ \(p”{ak)\ . 
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Thus, as o I—>■ is non-increasing on M+, with the help of (14.51) and (|4.27l) for the third 

inequality, we get, recalling that = a + k, 


E 

k=l 


\Af(p{ak) - b(p'{ak)\ 


(6.25) 


^ (t>{ak) 


< 


< 


< 


< 


</>(! + a) 


+ 


.+1 m '“) h '*<!+“) 


+ 


L 


2 ^\ I^i'^ + \b\y)e 


(a -|-1)^ a -|-1 y 


+ 


())(1 + a) 


2 2 \/Io\ /|?(1 + 1^1?/)® ^Kdy) 

{a + lf a + lj (P{1 + a) (l - 


2 ^ ^ l^|e /|e -yfijdy) 

{a + lf^a + lj^ </)(!-ha) - e"w) 


< oo. 


For the third term in (I6.2ip . we have, using the second relation in (I4.25P and | sin(7/)| < \y\, y & 
M, in the first inequality and (14.41) in the second, that 


(6.26) 


E 

k=l 




</>(afc) 


Skib) 


< b‘ 


k=l 


Wiak)\ W{k)\ 

(j){ak) (pik) 


< 


^ kak 


k=l 


OO. 


Then, we put (16.241) and (16.251) in (|6.23p which together with (I6.22D and (|6.26p is used in 
p6.2ip to confirm that \^k\ < oo. The latter triggers with the help of (16.201) and p6.19p 

\^k - 1| < oo and hence \^k^ ~ l| < oo. An application of Montel’s Theorem in 

(j6.18p yields that the right-hand side of (j6.1[) defines a holomorphic function on C(o,oo) and since 
VT^ (u -|- 1) = A4y^(u -|- 1) for u > —1, see ^6.121) . we have proved Theorem 16. II for z € C(o,oo)' 
When (/>(0) = m > 0, we check that all computations above extend to the imaginary line iM as 
(j6.20p . (|6.22p . P6.24I) . (16.251) and (j6.26l) do not explode for a = 0, and W0(O) = m~^ G (0,oo) 
thanks to (16.6p . Next, if < 0 then plainly ^ > 0 on (d,^, 0). Clearly, then the infinite product 
in (16. ip extends holomorphically to Indeed, only at most [—d^] -|- 1 of its terms are 

with argument whose real part is in (d^, 0) and their product defines an analytic function. 
The rest of the product is absolutely convergent and defines a holomorphic function as already 
proved above. Since extends analytically to the proof of Theorem 16. llf^ and hence 

of Theorem 16.11 is therefore completed. 
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6.4. Proof of Proposition [6T8l Proceeding as in the proof of Theorem 16. 11 to show that 
in (j6.16p extends to a holomorphic function in C(o,oo)j we set for any z = a + ib, a > 0, 


M^iz) 


r(^) ^{z) 
r(a) (l){a) 


k=l 


(j){z + k) 
(pia + k) 



r(^) cpjz) 
r(a) (pia) 


k=l 


This completes the proof of Proposition 16.81 for z G C(o,oo) since = Aii^ on R+ from (16.1,ip 
and nr=i^fc < oo from the proof of Theorem 16.11 where the uniqueness argument was also 
discussed. If (p{0) = 0, cp does not vanish on iM \ {0} and Jl{y)dy < oo then 

since (p ^ 0 we have that > 0 and extends to iM. Hence, through (l6.1Up and (16.151) 

Ti z) 

the left- and right-hand side of Aij^{z) = extend to C[o^oo)- 

We mention that, as from Theorem 16.11 = W(j„ the results regarding estimates of the 

Mellin transform My^, throughout the rest of this section will be stated in terms of W/). 


6.5. Proof of Theorem I6.2IITP : Bounds for W(f). In this part, we derive general bounds 
for the absolute value of along imaginary lines which provide some bounds for the Mellin 

transforms Aiy^ and This will serve us to obtain exact asymptotic estimates along 

imaginary lines for \W^\ and that we shall exploit to establish smoothness properties 

of the invariant density as well as existence and smoothness properties of the sequence of 
co-eigenfunctions. To obtain our results, we resort to the Bernstein-Weierstrass product rep¬ 
resentation of the Mellin transform and extend an approach which has been used to derive 
estimates of the gamma function, which can be found for instance in |71l Chap. 8]. Before 
stating the next result, we revisit and introduce some notation. Let us recall that, for any 
function cp & B and numbers a and 6 > 0, we write 


(6.27) 


Q^{a,b) = In 


\(p{bu + ib)\ 
(p{bu) 


du. 


Furthermore, we set formally, for a, 6 G M, 


E^{a,b) 


1 T |</>"(^+»<>)| 

8 1 \^(u + ib)\ 


\<l>'(u + ib)f 1 <^'(a) 

\(f){u-\-ih)\^ 8 4>{a) 


and 

(6.28) 





a -I- -I- /)| ^ \(p{k -I- a -I- i6)| 


4>{a +1) 


k=0 


4>{k + a) 


-1 

where we use the convention 0 ~ ready to state the following result. 

fc=o 


Proposition 6.10. Let cp ^ B. For any 6 G M \ {0} and a > 0, we have 


(1) 0<G^ia,\b\) < f, 

(2) e“8^ < E^(a, |5|) < es^. 
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(3) Moreover, if a > d^, I G N such that a + I > G, 

rt ^ \W^{a + i\b\)\ ^ W^ja) 

^ (a,|6|) - e-He<A(-+^H) - Z'(a,|6|)i?4a + /,|6|)• 

// 4>{0) = m > 0 and = 0 then (|6.29p extends to a = 0. 

(4) With a > 0 and I gN, we have that 

{a + /, |6|) - el'|0^(“+'’l'>l) |r(a + z|6|)| “ ' 

Remark 6.11. The upper bound for 0<ji(a, |6|), that is, is attained when 4>{u) = u and b = oo. 
In this case W^{z) = r(^). 

Proof. Note that for ^ G .8, z = a + i6 with a, 6 > 0, and with the usual notation for A;,, 
and A^ used in subsection 16.31 we have that 


(6.31) 


(a + ib)\ 
(j){a) 


1 + 


A6</>(a) 


</>(«) 




since, from ()4.25p . Af(j){a) > 0. Thus, we get that Q^{a,b) > 0. Next, using the first identity 
in p4.2p . we deduce that 

poo 

\4i{bu + ib)\ < m + \bu + ib\ + \bu + ib\ / e~^^^p,{y)dy 

Jo 

poo 

^^bu + bu J e~^'^fl{y)dy 


< \ll + { m + a 


(6.32) 




1 






Hence, after performing an obvious change of variables, we get that 


Q4a,b)<J^ lnUl + ^jdu = ^, 


which concludes item ([T]). From p6.18p . we have that 

4>{a + k) 


(6.33) 


\W,0)l-W4a)-^^Jl 


(fiz + k) 


= «.*(«) A^|z4.)|. 


Let in the sequel z = a + to, 6 > 0, a > or a > 0, if 4>{0) = m > 0 and = 0, and I G N 
such that ai = a +1 > 0. Then, we denote by 

4>{a) ^ 


(6.34) 


m^)\ 


\z4^)\= n 


k=0 


(piak) 


(j){a + k + ib) 


lim 

n^oo 


where we recall that = a + k and we have set 


Sn {ai,b) = In [ JJ 


</>(afc+/) 


\(i){ak+i + ib)\ 
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Therefore, from ()6.33p and (|6.34p it remains to estimate {ai,b), as n —>■ oo. For this purpose 
we rewrite 


Sn{ai,b) = In [ 


4>{o.k+i) 


\(t>{o-k+i + ib)\j 
iln\4>{ak+i + ib)\ - In 0 (afc+O) + 


fc =0 


Then the approximation techniques developed in m Section 8.2 (2.01)] for the gamma function 
are valid for any twice differentiable function / such that |/''(u)| du < oo and take the form 


^ f{k) = / fiu)du + -/(O) + -f{n) + / 
fe =0 


B 2 - B2{u - [u]) 


f'{u)du, 


where B 2 is the Bernoulli number and B 2 {u) the Bernoulli polynomial as defined in [711 Section 
8.1]. Applying this to the sum in S'„(a/, b) above with f{u) = In , u > 0, we get 


(6.35) Sn{ai,b) = - 


' 1 „ ( + “• +)'’>!) du - 1 In ( ) 

V (j){u + ai) ) 2 \\4>{ai + ib)\(l){ai+n) J 


+E^ (n, ai)-E^ (n, ai + ib), 


Bi 


where formally E^{n,z) = Jq 


_ rn B2—B2 {u—[u\) 


{ln\(j){u + z)\y' du. Next, note that 


In 


n4>iai+n + ib)\ 
\ <(’(nz+n) 


= In 


1 


^ ^f4>iai+n) + iAf(j){ai+n) 


(6.36) 


= - In 1 + 2 


< - In (1 + 6 ' 


Af4>{ai+n) ^ 

4^{(^l+n) \ 4^{o,l+n) 


+ 


Af(j){ai+r. 

<(’(®Z+n) 

\nai+n)\ , b^\riai+n)\^ , ,2(<(>'(«+n))2 


+ 


(j){ai+n) 4 (/)2(ai+n) 


+ 6 ^ 


(p‘^{ai+r. 


where we have used (I4.25P for the inequality. Thus, from (I6.3ip for the first inequality and 
(14.4p and (|4.5I) for the second, we deduce that 


(6.37) 


Hcpiai+n + ib)\ 
""" (piai+n) 


0 < lim In 


< — lim In ( 1 + 

2 n^oo 


262 


+ 


6 ^ + 62 


{I + n) (/ + nf 


= 0 . 


Using the same inequality as in ()6.36p to the integral term appearing on the right-hand side of 
(|6.35p . and the estimates in (|4.27p . we conclude, thanks to the dominated convergence theorem, 
that, for any ai,b > 0, 


(6.38) 


r 

'Jo 


lim / In 

n—¥oo 


{u + ai + ib)\ 
4>{u + ai) 


du = 


f 


In 


\(j){u + ai + ib)\ 
(j){u + ai) 


du. 


Since (p is log-concave on M_|_, see Proposition 14.111^ , which means that its second derivative 
does not change sign, then by the estimate m Section 8.2, (2.04)] (with m = 1 and /(u) = 
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ln(/)(a; + u) in the notation of (TTJ Section 8 . 2 , (2.04)]), we get that 

(6.39) lim \El^{n,ai)\ < lim [ (In(?i(az + u))" du = < ^, 

n^oo ' gn^oojg 8(^(0;) 8a; 


where, we have used that (14.41) implies lim„^oo ~ ® inequality itself. Next, 

we focus on E^{n,ai + ib). Since {In \4>{u + ib)\y' < |(ln())(u + z 6 ))'^| , as {In (j){u + ib))" = 
(In |(/i(u + ib)\)" + i {aTg{4>{u + ib)))", we have according to [TTl Section 8 . 2 , (2.04)] that 


lim |£'^(n, a; + z 6 )| < 


I (In (j){u + a; + ib))"\ du 

(t){u + ai+ ib) (j)" (n + a; + ib) - {(j)' (n + a; + ib)y 


(6.40) 


< 


< 


1 r°° 

8 Jo 

1 


{(p {u + ai + ib)y 
\(p" {u + ib)\ ^ ( \(j)' {u + ib)y 


du 


\4> {u + ib)\ 

\^"{u)\ 

4>{u) 


+ 10 


\(j){u + ib)\ 

P>'{u) '" ^ 

(p{u) 


du < 


du 

2VTO + IO 


8 a; 


where for the final two inequalities we have employed all the estimates of (|4.27l) . Collecting 
(16.371) . (I6.38p . (16.391) and (|6.40p we immediately deduce the upper bound 


lim Sn{ai,b) < 
n—>00 


1 r°° f \p)" {u + ib)\ /|(^'(u + z 6 )|y\ l(p'{ai) 
8 ^ [\P^{u + ib)\ ^y\p,{u + ib)\) ) ''^S4>{ai) 


f 


In 


In 


\4>{u + a; + ib)\ 
4>{u + ai) 


du + 


f \(p{ai + ib)\ 

V 


E4>{ai,\b\) 


, „ - 1 , / |(/> (a; + ib)\ 

- be^{ai, b) + - In - —— - 


V 4>{ai) 


The lower bound is the same but with error term ln(iii 0 (a;, \b\)). Therefore, from (16.341) . the 
definition of Zi, see (|6.28D and the definition of see (|6.17l) . we get that 


(6.41) 


g-|b|0,^(a(,|b|) 

E^{ai,b) -r--^— < 


EL{a,z) \(t){z)\ 


(t>{a) 17 ; M <t>{a) 

= TTEE 


n 

k=l 


(f){k + a) 


4>{k + z) 


< 


3 1^1 ©(/) (^Z ? 


E^{ai,b) ZUa,z) 


Then p6.4ip via (I6.33P proves (I6.29P , which establishes the whole item ([3]) since we have allowed 
for all possible values of a claimed in item ([3|). The case when 6 < 0 is dealt with in the same 
manner since, for all a > 0 and 6 E M, 


(6.42) ^cj){a — ib) =—^(j){a + ib) and )R0(a + z 6 ) = 3ft(^(a — i 6 ). 

Item ([ 2 ]) follows by gathering the very last upper bounds in (|6.39p and (I6.40h . The bounds 
(I6.30p follow from Proposition 16.81 since M.i^{z) = and the previous result. □ 
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6.5.1. Proof of Theorem \6.^^STfi . Choosing / = 0 in (|6.29p and using the definition of Z^{a, \b\) 
given in (j6.28p . one gets, for any 6 G M and a > 0, 


We complete the proof of item ([I]) by using 


mia+m < 

y \<p{a + ih)\ E^{a,\b\) 

the bounds for E^{a,\b\) stated in Proposition 


6.6. Large asymptotic behaviours of along imaginary lines. From the bounds 
P6.29D . which hold for any cf ^ B, we are able to derive precise information regarding the 
decay of IlF^I and along imaginary lines. We emphasize that these asymptotic estimates 

are interesting in their own right as we offer comprehensive statements for the entire class of 
Bernstein-Weierstrass products which encompasses many substantial special functions. How¬ 
ever, our motivation to investigate in depth and accurately this large asymptotic behaviour 
comes from several substantial issues that arise later in this work, such as the existence and 
uniform asymptotic bounds of the sequence of co-eigenfunctions, and, that can be solved by 
means of Mellin transform techniques. 


6.6.1. Necessary and suffieient conditions for exponential decay ofW^. We start by providing 
necessary and sufficient conditions for the exponential decay of along imaginary lines in 
terms of iji G H and its characteristic triplet Below the notation 


f{a + ib) K, g{a + ib) (resp. /(a -h ib) < g{a + ib)), 

for z = a + ib G C means that there exist positive finite constants c_(a) and c+(a) (resp. a 
positive finite constant c+(a)) such that 


(6.43) 


C-{a) < lim 

|b|—>-oo 

(resp. lim 

| 6 |^oo 


Proposition 6.12. Let (j) ^ B. 


f{a + ib) 


g{a + ib) 
f{a + ib) 


g{a + ib) 


< lim 
|fe|—^oo 

< c+(a)). 


f{a -k ib) 


g{a + ib) 


< c+(o) 


(1) For any a > 0, writing &Aa) = lim ©<^( 0 , |6|) and simply 0. = 0^(0), we have that 

|6|^-oo 

00 = 00 (a) and 


(6.44) 


0 ^ £ 


TT 

0 ,- 

’ 2J 


(6.45) 


(2) For any </> G H and a> t), we have that 


00 

r_< 


00 

< 


\h\2 ■sj\4>{a + ib)\ 


\W^{a + ih)\. 
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(3) ijj ^ Me, i.e. 0^ > 0, if and only if, for any a > 0 and e > 0, we have that 


(6.46) 



oo 

\/W(aTWj\ 


<\W4a + ib)\< 


y/\(f{a + ib)\ 


If 4>{0) = m > 0 and = 0 then the estimate extends to a = 0. 

In all cases, we can retrieve, from Proposition \6.1(A the positive constants c-{a) and c+(a) 
defined in (|6.43|) . 


Remark 6.13. Estimate (|6.46|) together with A4y^ = being the Mellin transform of v 
yield the validity of (|1.37|) which in turn shows that v E ^(0,^), i.e. it is holomorphic in the 
sector C (0<^) = { 2 ; E C; | argz| < 0^} and verifies Theorem I5.2I|3|) . i.e. E A/e implies that 
u E ^(0,^). 

Remark 6.14. We mention that in some statements here and also below we focus on the case, 
-0 E M, i.e. (j) E B_sf. However, up to some minor and obvious modifications, they can easily 
be extended to the general case cf £ B. We also point out that the estimate (j6.47jl below can 
serve for more precise study of the asymptotic. 


Proof. Recall the definition of Qfp, (I6.27p . and put 0</,(O, |6|) = 00(|6|). First, from ()6.3ip in 
the first inequality and (I6.32h in the second, we have that 


(6.47) 


041^1) > 04«Jfc|) = Q<a(I^I) - In 

> 0^(161) - ^In ^^1 + ^^ du 

= 0?i(l^l) “ 1^ (j^) " “ o (1) • 


Hence, from Proposition 16. lOlfTD . we deduce that 




lim 0^(a, |6|) 

| 6 |^oo 


lim 00(|6|) E 

|6|^oo 



and, the proof of (16.441) is completed. We prove ()6.45p by using the lower bound in (16.291) with 
I = 0 since from the second claim of Proposition I4.1I|5P we have that |</>(z)| = cr^|z| + o(| 2 :|), 
as ^; = a + a > 0 fixed and as |5| —)• 00 . Next, let 0^ > 0 then (j6.46p follows from the upper 
bound of (I6.29P with I = 0 and (I6.47p . Since all constants in Proposition I 6 .IOI are explicit we 
can recover the constants c±{a). This ends the proof. □ 


We proceed by providing sufficient conditions for 0^ > 0, that is for the exponential decay of 
the Mellin transforms along imaginary lines which are stated in Theorem ll.9l!fTI) . 
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6.7. Proof of Theorem II.QUIT]) . Let us first prove that ijj £ -^0 implies r = (j){oo) = oo. 
Thanks to (j6.29jl with / = 0 it will suffice to show that for some a > 0, 60 (a, 6) = o (6), as 

6 —>■ oo, since then we get lim 0 (a, 6) = 0^ = 0, that is a contradiction with the definition 

b—^oo 

of Me, see Table [2j However, = z(l){z) with cj) G Bjg, and if (t>{oo) = n(0''') + m = 

Il{y)dy + m < oo, then = 0 and for any fixed y > 0 

4,(hy + ih) ^ r (1 - <=*■) ^ 

<Kby) <l,(by) 

since lirub^oo 4>iby) = 4>{oo) < oo and 


lim 

b^oo 



e-'’y'^U{u)du 


< 2 lim 
b—^oo 



e-’’y^U{u)du = 0 . 


Therefore, from the definition of 0(a, 6 ), see Theorem I6.2IIT]) and (I6.32p which ensures the 
application of the dominated convergence theorem we deduct that 60(a, 6 ) = o( 6 ). Next, we 

show that if 'ip G Mg, i-e. lim A V > 0 or > 0 then 0^ > 0 , i.e. 'll: G Me- Let first assume 

that cj^ > 0 and recall that 4>{ha + ib) — (l){ba) = Afcpiba) + iAf(l>{ba), see Sectionfor more 
information on these functions. The positivity ofthe integrand that defines 0 ^( 0 , 6 ), see (j6.3ip 
and ()6.27p . the fact that Af^(j){ba) > 0, the definition of 0^, see Proposition 16. 121fTp and Patou’s 
lemma yield that 


20^ = 


2 1 im 
b—^oo . 


V 4>{ba) 


By means of Proposition H.HfHp we have that cj){ba) = a'^ba + o ( 6 a). This coupled with the first 
set of inequalities in (j4.28p of Lemma (4^ which is applicable since (p G Bj\f, gives that for all 
6 big enough and a > 1 


Af(f){ba) cj^6+(e ™ —e /q^ sin(6y)n(y)dy 
(plba) ~ 2a^ba 

^2 ^ jj yn(y)dy 

~ 2a^a ’ 


where for the second inequality we have used sin( 6 y) > Ciby, for some Ci > 0 valid on y G 
(O, Since limt^oo /o’ V^iyjdy = 0, as Jq y^n(dy) < oo, see (14.1811 . we get the bound 


(6.48) 



da > 0 . 


This completes the proof for 6 —)• oo and > 0. If 6 ——oo, > 0, the arguments around 
(j6.42p deduct the same lower bound. Assume that cr^ = 0, 6 > 0. Observe that 


(6.49) 


00 = lim 
b^oo 



Hcpiba + ib)\ \ 
V 4’iba) ) 


da > 


lim In 
b^oo 


/ Af(l){ba) \ 

V Hba) ) 


da, 
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thanks to ()6.3ip and the Fatou’s lemma. Note that, for any a > 0, 

bAfcj){ba) = j (1 - cos(y)) dy. 

From the inequality 1 — cos{y) = 2 (sin (y/2))^ > 2 valid on y G (0,1), we get that 

(6.50) bAf4>{ba) > 2^ j y‘^U dy > ^e"“n . 

Recall that A^(^(6a) > 0. Thus, from (16.491) . the positivity of the integrand therein and the 
fact that (p is non-decreasing, we confirm that 

(6.51) 0* = + 


Since b(l){b) = Tp{b) and ip G Mg with 
following inequality holds 


0, we deduce, with 


lim 

b^oo 


n(i) 

MW 


> C 2 > 0, that the 


©</, > ^ ^ 

which gives the proof for b —)• 00, xp G Mg and = 0. The case b —>■ —00 comes from (|6.42l) . 
Relation (I1.16p follows from the global asymptotic (j4.7p for (p given in Proposition 14. Ilf7|) . 


6.8. Proof of Theorem 16.21 (I2bp : Examples of large asymptotic estimates of |1F,^|. For 

the eigenvalues expansions of the gL semigroups, it is important to provide precise bounds for 
the norm of the sequence of co-eigenfunctions. Among the different strategies we implement to 
get such estimates is the Mellin transform technique. For this reason, in this part, we deepen 
our analysis on the asymptotic estimate of |lF,^(a-1-i6)| by either computing 0^ for substantial 
subclasses of or, detailing the exact subexponential decay for some subclasses. The results 
presented below extend with minor modifications to |lF0(a -|- ib)\ for (p ^ B. 


6.8.1. Proof of Theorem E32(b)i).- The case xp G A/p. In the case > 0, i.e. xp G A/p, we 
obtain precise bounds particularly when in addition npO"*") < 00, or, if we have a good control 
on the tail 11. For this purpose we introduce the following notation. For any a > 0, 5 G M, we 
set 


(6.52) 

and 


1 

L{a,\b\) = — 

^ Jo 


o-O'V 


sm 


\b\y 

2 




T(a, |6|) < T(|6|) = sup T(0, r). 

r<|fo| 


Proposition 6.15. Let xp G A/p. Fix any a > dfj, = supju < 0; p{u) = —00 or p{u) = 0}. 
Then 


(6.53) 


< |w^(a + i5)| < \b\^+'^-hWW+L{\b\) ^ 
\b\2 


^ 4m 
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with L{\b\) = o(| 6 |). Moreover, when n(0+) < oo, we have L{\h\) = 0(ln(|6|)), and, if for all 
y E (0, 1), n(?/) < Cy~°‘ with a E (0, 1), then 

(6.54) I(| 6 |)^ 0(161“). 


The proof of Proposition 16.15] is postponed after the following lemma whose statement requires 
some further notation. Set (f){z) = zg{z) and write formally 


(6.55) 


Wg{z) 


g-7g^ 

9{z) 


n 


k=l 


g{k + z) 


where = 70 — 7 and 7 is the Euler-Mascheroni constant. We first show that Wg E ^((i^,oo) 
and give bounds on |lTg(z)|. 

Lemma 6.16. Let E A/p. 


(1) Then Wg E A{^d,j„oo) we have, on that 


(6.56) 


W^{z)=T{z)Wg{z). 


(2) There exists ko = ko{m, cr^) E N \ {0} such that, with z = a + ib,a > 0, 


(6.57) 


g-2Bfc(j(a+jb)-L(a,|6|) 

CkM\b\) 


Wg{a) 


where L{a, | 6 |) is defined in (|6.52|] . 


(6.58) 


Wkoiz) = In 


ko 

n 

k=0 


g{k + a) 


g{k + z) 


lim ‘TOkoiz) 
| 2:|^00 


lim 

| 2:|^00 


In 


n 


ko g(fc+a) 
k=0 g(k^z) 


YfkLng(k+a) 

^2fcQ+2 


and 




(1 + 


Remark 6.17. The mapping 2 ; 1 —>■ has a root at zero if m > 0, which compensates the 


pole coming from r( 2 ;) in (|6.56p to ensure that VF 0 (O) = E 




-1 


= = m. If W(f, extends 


further to the left then a zero of | at zero coming from a term in the product in (16.551) cancels 
the impact of the poles of r( 2 ;) at 2 ; = — 1 , — 2 , • • • . 


Proof. Since g{z) = we get, from (j6.1[) and the Weirstrass product representation of the 
gamma function, that (I6.56h formally holds provided Wg is holomorphic. Due to its definition 
in ()6.55p . this will follow if the involved infinite product is absolutely convergent. However, 
since the products defining W^ and T are both absolutely convergent on C(o,oo) from ()6.55p . 
Wg is absolutely convergent on C(o,cxd) and the analyticity follows. When < 0, (j6.56l) follows 

101 

































from an argument involving the recurrent equation (16.61) . In the sequel we provide the bounds 
for |hhg( 2 :)|. To this end put z = a + ib, a > b > 0, and set 


Wg{z) 


g{o) 


oo 


n 


9{k) 

g{k + a) 


g'ik) 
e a(k) 


X 


g(a)e g{k + a) ^is;^b 

gi^) gik + z) 


Wgia)wfiz), 


and, we proceed to estimate 




Since (p E Bj\f, then Proposition I4.1l!l5|) gives that 


/i(y) = n(y), y > 0, and then the first identity of (14.211 gives on \ {0} that 


(j){z) m 2 f -zv^r 

g{z) = -=-h <7^ + / e yU{y)dy. 

z z Jo 

For any u = a + k > 0 and b > 0, 


g{u) _ J ^-2 »(n+^&)+/o ^ ^ ^ Pm{u,b) +pn(^,5) 

g{u + ib) 1 + 0-2 1 +pm{u,b) + puiu,b)' 

where each term /? or p in the last expression matches the corresponding term in the middle 
one. Set C = ma~‘^. We have the following bounds \pu{u,b)\ < a~‘^ e~'^yil{y)dy, 


(6.59) 


\Pm{u,b)\ < 


C 


and \pmiu,b)\ < 


Cb 


u + b u{u + b) 

which all tend to zero as n —oo. Thus, for n > uq > 0, where uq = uo{m,a'^), such that 

1 - \pm{u,b)\ - \pu{u,b)\ > i. 


we have using 11 — e = 2 


sm 


that 


gju) 

g{u + ih) 
(6.60) 


< 


< 


2Cb 

u{u + b) 
ACb 

u(u + b) 


+ 


+ 


2 

^ I """ 


Il{y)dy 


o-uy 


by 
sm — 


n(y)dyj . 


Splitting the product that defines at /cq = ko(m, cr^) = [uol + 2 + |a|, using (16.601) . (I6.58P 
for the definition of Wkg and ln(l + x) < x, x > 0, we get that 


CX> 

^In W^g^ (a + ib) — InSH^g (a + z6)^ = ^ In 


OO 

sE 

k=ko 


ACb 


+ 


k=ko 

n(y) 


g{k + a) 


g{k + a + ib) 
1 


OO 

sE 

k=ko 


g(k + a) 


g{k + a + ib) 


- 1 




< 


« E 


{k + a){k + a + b) cj^ g{k+a)y 

b 


^-{k+a)y 


sm 


n(y)dy ) 




, fc >2 


(fe + a)(A: + a + 6) 


4 p / r°° p-{ko+a)y_ \ 

+ ^ / ^3^n(y)dy + L(a,6) , 
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where implicitly in the last term of the inequality to get L{a,b) we have used 1 — e ^ > yje 
on (0,1). Furthermore, since 


E 

k>2 


{k + a){k + a + h) 


< lim 


1 


1 


A^oo \r + a r + a + b 


dr = In 1 1 + 


1 “t" n 


we obtain, with Ck^ (a, b) dehned in the statement of the lemma, that 

g-2Hfc(,(a+ife)-L(a,fe) 


< 


(a + ib) < Ckoia, 


Cko{a,b) 

The bounds (I6.57p follow for b > 0. The case 6 < 0 is dealt with similarly as in (I6.42jl . 


□ 


Proof of Proposition \6.15[ The lower bound in (I6.53P is the lower bound in (16.461) . We get from 
(j6.56l) that |lT(^(z)| = |r( 2 ;)lTg( 2 ;)|. For z = a + ib, a > 0 and |6| large enough the upper bound 
in (16.531) follows from the classical asymptotic for the gamma function, i.e. for a > 0 fixed, 


(6.61) 


\T{a + i\b\)\^Ca\brh-^\^\, 


where Ca > 0, combined with (j6.57l) and taking into account all polynomial dependence on 
\b\. Ifd^ < 0 and a G (d</),0] then the functional equation (|6.6p relates the asymptotic of 
\W^{a + ib)\ to that of |lT(^(o + [—— 1] + i6)|. The polynomial decay in (|6.53p is again 

4 m I _!_ QQ 

\b\P^ 2 as on each iteration of (16.6p we collect a term of the type, for a fixed a, |i?i(a + ib)\ ~ 

cr^|6|, see Proposition 14.11(31) . Next, recall the definition of L{a,\b\), see (j6.52p . and therefore, 
observe, using | sin(y)| < \y\ A 1, that, for any 0 < e < 1, 


0 < 


lim 

|6|^oo 


L{aAb\) 

\b\ 


< 


< 


lim 

|fe|^oo 


sup^<|b| ^(0,r) 

\b\ 


lim 

|6|^oo 


m) 

\b\ 


/ Il{y)dy + lim 
Jo 


hn(!/)* 


do 


which shows that L{\b\) = o(|6|) since /g^n(?/)dy < oo, see (I4.18p . Finally, it remains to study 
L{\b\) for specihc instances. First, when n(0''“) < oo, we have that 

sup L(0, r) = L(|6|) < n(0’^) [ < n(0’*') ln(|5|). 

r<|6| do ^ 


Then, if for some a G (0, 1), n(?/) = O {y "), then trivially 


(6.62) 


L(|6|) < Cj\br 



dr 


<c2\br, 


which completes the proof of our Proposition 16.151 


□ 
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6.8.2. Proof of Theorem \6.2l 2(h)n) : The case if G A/’q,. We continue to apply the theory 
developed above to functions if which are regularly varying at infinity without aiming at the 
most general case of regular variation. We simply attempt to illustrate the tractability of our 
approach with the aim to compute explicitly and easily 0^. We now show that for ip G A/'q, with 
a G (0,1), we have 0^ = > 0. To this end set C = C'or(Q; + l). Since ip G Afa, (p G from 

Proposition 14.1118]) we get that = 0, fl{y) = n(y), y > 0, and n(y) ~ Cy~°‘, a G (0,1). The 
latter and a standard Tauberian theorem imply that Proposition 14.111711 can be augmented to 
(p{a\b\) CT (1 — a) a"|6|“. Next, for fixed a > 0 and \b\ oo, we get from the first expression 


for (p in (j4.2ll and y(y) = n(y) ~ Cy 
(p{\h\a + i\b\) = m + {\b\a + i\b\) 


“ that 

CX> 


= m + {a + i) 
~ C\b\^{a + i\ 


roc 

Jo 

f 


]L 
\h\. 


cos(y)e \ dy — i 


sin(y)e ^“II ( ifr ) ^2/ 


1^1 


cos(y)e — i 

yO 


‘f 


'sm{y)e-y^^ 

yy! ya 


= C\b\^{a + i 


r 

i) 

Jo 


,-y(a+i)A^ _ 




= CT(1 -a)(a + f)“|6|". 


In the last integral we have used Cauchy’s theorem on the closed contour [0,/3a + i/3], [(3a + 
i/3, /3], [(3, 0] with /3 —>■ oo to the function which is holomorphic on C(o,oo)- Since Proposi¬ 

tion [6T2]|T]) holds we compute from (j6.27p with a = 1 and the asymptotic relations above 


0A = lim 


In 


|6|^oo J jj 


\(p{bua + ib)\ 
cp{ba) 


da = 


lim In 

|6|^oo 


\(p{ba + ib)\ 
(p{ba) 


da = —a. 


The dominated convergence theorem holds thanks to inequality (|6.32|) 


6.8.3. Proof of Theorem Ih.gt 2(biiii); Examples of subexponential decay o/|lT<^|. We further 
illustrate our approach by detailing more examples that reveal again that for several important 
families of Levy measures, we can derive explicit bounds for the rate of decay of |1T0(2:)|. 

Proposition 6.18. Let ip ^ N \Afp, i-e. cr^ = 0, and fix a > dtp. 

(1) Assume that for some a G (0,1), limy"n(y) > 0 and (p{oo) = x < oo. Then, there 

y—>-0 

exists Cq Q, > 0 such that 


\Wtp{a + ib)\<e-^<^’' 




(2) Let us assume that limyn(y) > 0, then there exists Ca > 0 such that 

y^O 


\Wtp{a + ib)\ < e 


-Ca 


\b\ 

^(b) ^ 


(3) Let us assume that n(y) = y ^ l[o,i/ 2 ](y) then 

OO 3 

|VP4a + f6)| . 
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Proof. First, we observe that by combining (|6.50p with (16.511) . we get, for b G 


(6.63) |6|0^(|fe|) > |6| / In 1 + 




dy > |6| In 1 + Ci 



where Ci = Ce ^ > 0. The two first statements are direct applications of (|6.63p . Indeed, 
if 4>{oo) < oo then from (14. 8p oo > n(0+) > fQll{y)dy > an(o), for any a G (0,1). Thus 
lima^o an(a) = 0 and so with ln(l + a:) ~ x in (I6.63p we conclude the claim using lim y"n(y) > 

y^O 

0. Item ([2l) follows from ()6.63p and lim yll{y) > 0. Item ([3|) follows similarly by observing that 

y—>0 

for M > 1/2, 4>{u) = and plugging this expression in (j6.63p . □ 

6.8.4. Asymptotic of the Mellin transform in the ease G Finally, we study the case 

when if G A/"^, i-e. n(0+) < oo and = 0, which corresponds to the Laplace exponent of a 
spectrally negative compound Poisson process with a positive drift. 


Lemma 6.19. Let if G Then, (f{u) = — e '^yii{y)dy + x, where reeall that x = </>(oo) = 
n(0+) + m. Then, for z G 

m 


(6.64) 


W^z) = 


n 


<^(^) t=i 


On the real line W^{u)x “ is bounded and decreasing, as u ^ oo, and for fixed a > 0, 


(6.65) 


lim \Wij,(a + ib)\ = 0. 
\b\^oo 


Proof. Since lim In (f{n) = Inr then from p6.2p lim Yl^=i = lnr + 7 </, and (|6.64p follows 
immediately from (16.ip . To conclude the other statements we study the product in p6.64p . As 

(f{k) 


CO 


U WJu) = TT , . 


is bounded and decreasing on 


we deduce that W(j,{u) G [0,1]. It remains to show (|6.65p . For any a > 0, we employ (|6.29p 
with I = 0. Substituting the expression (f{z) = — e~^yil{y)dy + r in (I6.27P we get that 

r - e-’’'^y-^^Tl{y)dy 


bG^{a,\b\) = b In 


= b 


In 


^ “ /o°° ® ^“3^n(y)dy 

rot 

1 + 


du 


joo ^_byu _ g-ifey) U{y)dy 


(f{bu) 


du. 


Since cf is non-decreasing choose a > 0 big enough so that 


sup 

u>^ 

— o 


l/o 


f,-byu _ g-%^ U{y)dy\ 


(f{bu) 


<2aih<i 

a(f{a) 2 
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Using, In |1 + z| > C\z\, with some C > 0, for all \z\ < we get that 

C 


/*CXD /*CXD 

604a, |6|) > ^61 e-^y- (l - U{y)dy 


du. 


From Lemma 14.61 ^ sin(6?/)n(y)d?/ = Af(l){bu) > 0. Therefore, we complete the proof 

by estimating from below with the real part of the expression above that is 

/°°e-“4l-cos(6y))my)^ 

fe^OO In 


lim b 
b—^oo 


e (1 — cos(6y)) Il{y)dydu = lim 


y 


= oo. 


lim [ e by (1 — cos{y))Il (y')— 

Jo ^bJy 


Thus, limfj^cxD 600(a, |6|) = oo and from (|6.29p with I = 0 (16.6511 holds for all a big enough 
since all other quantities in (I6.29D with I = 0 are bounded when n(O^) < oo. However, from 
(j6.6|l we also deduce that (j6.65p holds for all a > □ 
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7. Intertwining relations and a set of eigenfunctions 


In this section, we elaborate and exploit intertwining relations that relate the entire class of 
generalized Laguerre semigroups to the classical Laguerre semigroup of order 0. This commu¬ 
tation relation between NSA semigroups and a self-adjoint semigroup is the central concept 
in our development of the spectral decomposition of these operators. In this perspective, it is 
proved to be very useful to characterize a set of eigenfunctions of the gL semigroups and to 
provide properties of this set regarded as a sequence in a Hilbert space. 

Let us recall that Q = {Qt)t>o denotes the classical Laguerre semigroup associated via the 
Lamperti bijection to V’(^) = be. = 1, m = 0 and H = 0 in ()1.3p . and its associate Feller 
process is a diffusion. Basic facts about this semigroup are reviewed in Example [3T] where, for 
instance, one finds that it is self-adjoint in L^(e) where s{x) = e~^, x > 0, is the density of 
an exponential distribution of parameter 1. We also recall that, for any (p G the Markov 
multiplicative operator is defined, for at least any / G Cfe(]R+), by 

(7.1) I^f{x) = E [/(x4)] , X > 0, 

where, with r] = {r]t)t>o a subordinator with Laplace exponent p, is the positive random 
variable 

poo 

(7.2) 4= / e-^^dt. 

Jo 

We have all ingredients to state our first main result of this part. 

Theorem 7.1. Let ip ^ M and recall that p{u) = G Bj^. Then, for any t > t), we have 
the following intertwining identity 

(7.3) PtX^f = I^Qtf 

valid for all f G L^(e). Moreover, the following properties of the intertwining operator hold. 

( 1 ) X^GB(L2(e),L2(z.))nB(Co(l+)). 

(2) Ran(X(^) = L^(u). However, there exists C > 0 such that for all f G L^(i/), 

if and only if 'ip{u) = > 0. 

(3) is a Markov operator determined by its integer moments, and we have, for any 
z G C(_i^oo) o,nd X > 0, recalling that Pz{x) = x^, 

(7.4) 

Remark 7.2. We point out that the intertwining identity (|7.3I) generalizes to all G A7 the 
relation obtained by Carmona et al. [2S] between the so-called saw-teeth process and the Bessel 
process, that is when 'ip{u) = , 0<a<l<a-|-6. 
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To state the next result concerning the characterization and properties of a set of eigenfunctions, 
we introduce notions discussed in detail in Chapter [TTl We say that a sequence {Pn)n>o in the 
Hilbert space L^(i/) is a Bessel sequence if there exists H > 0 such that the inequality 

OO 

(7.5) 

n=0 


holds for all / G If in addition Span(P„) = L^(i/) and there exists B > 0 such that for 

all finite scalar sequences {cn)n>o 


(7.6) 


OD 


B < 

n=0 


^ ^ CnPn 

n=0 


then {Pn)n>o is a Riesz basis in L^(z^). Finally, we recall the notation Vq{x) = 1 and for n G N, 
Vn is the polynomial defined by 


(7.7) 




© 


fe =0 


W^{k + 1 ) 


where from (jl.lSjl lF<^(n + 1) = 0^=1 <?i(^)- The polynomials {Vn)n>o can be seen as the La- 
guerre polynomials perturbed by the Stieltjes moment sequence of the intertwining operator 
see ([3|) . To state the next result we need the following terminology which is due to Blumenthal 
and Getoor |18j . For a Bernstein function 0, we define its lower index as follows 

(7.8) (j) = sup{o > 0; lim = oo} = lim ^ G [0,1] , 

U—¥00 In 'll 


with the usual convention sup{0} = 0. This quantity appears in substantial path properties 
of the associated subordinators, and, for instance, we point out that (p corresponds to the 
Hausdorff dimension of their range, see e.g. [lOl Chap. III]. 


Theorem 7.3. Let ip G Af. 

(1) For any n > 0,t > 0, Pn is an eigenfunction for Pt associated to the eigenvalue e~"'^ 
i.e. Vn G L^(zz) and 

(7.9) PtVnix) = e-^^Vn{x). 

We also have, for any n G N, 

(7.10) \\Vn\\u < 1. 


(2) Moreover Span(R„) = L^(z^) and {Vn)n>o is a Bessel sequence hut it is not a Riesz basis 
in L^(z^). 

(3) The sequence of polynomials {Vn)n>o satisfies, for any n>2, the following three term 
perturbed recurrence relation 

(7.11) P„(I) = (2 - i) Pn-.(^) - - (1 - ^) 
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where V^^\x) = X]fc=o(~^)^ Wr^}{k+i) ^^ transform Ti(j){u) = :[^4'{u + 1) G 

Bj\f is discussed in Proposition \4.1\ ©• 

(4) The sequence {Vn)n>o is formed of orthogonal polynomials in some weighted space if 
and only if'iffu) = a'^u^ > 0,m > 0, i.e. {T’n)n>o is the sequence of Laguerre 

polynomials of order m > 0, see ( 1231 ) and (13.811 for definition. 


(5) The polynomials {T’ni—x))n>o o,re the Jensen polynomials associated to the entire func¬ 
tion Jw^ix) = T.n=o x,t£R, we have that 


(7.12) e^3w^{.xt) = '^T’n{-x)—^. 

n=Q 

Moreover, denoting (resp. i^) the order (resp. the type) of the entire function 
we have G [^, l] and > (1 + (/>)e — /(n)n~'^ ' = 1 if and 

n—^oo 

only if (f = 0, and, in this case, = 1, with the usual convention ^ = 0. Finally, we 
have, for large n, any x > 0 and any integer p, 

(7.13) V^\-x) = O [8^{nx)e~'^{3Y{n) + 3r{-n))) = O (nP^^£^{nx)^ , 


where, for any e > 0, we set £^{x) = '^I{o< 4 <oo} + e“ 

3r is the modified Bessel function of order 0. 


I{4=o}+e'^" I{4=oo} 


</) + « 




and 


Remark 7.4. The entire function was introduced by the first author in [75] as the increasing 
1-invariant function of the self-similar semigroup K and boils down, when ^p{u) = u^, i.e. = 
r, to Ju) which explains the notation. 


Remark 7.5. Although we shall provide another proof, we mention that property (jH) regarding 
the necessary and sufficient conditions for the orthogonality of {Vn)n>o can be deduced from 
an elegant result of Chihara [29] stating that the Laguerre polynomials are the only sequence 
of orthogonal polynomials generating the so-called Brenke type function of the form (17.1211 . 


The remaining part of this Chapter contains the proof of these two statements as well as the 
uniqueness of the invariant measure. 


7.1. Proof of Theorem 17.11 


7.1.1. Factorization of invariant measures. To prove the identity 
(7.14) PtT,pf = T,j)Qtf, for any / G L^(e) and t > 0, 


i.e. the intertwining relation of Theorem I7.1H7.3I1 we proceed in two steps. First, we establish 
this identity in the space Co(M+). Then, we show that it extends to L^(e). For the first step, 
by recalling from Definition 11.11 the notation Ktf = Pin{t+i)dt+if, t > 0, f G Co(K+), i.e. K 
is the Feller semigroup of a conservative self-similar Markov process on [0,oo), we observe 
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that relation ()7.14|] considered on Co(M_|_) is equivalent, because of the deterministic space-time 
transformation, to the intertwining relation, for any / E Co(M+), 

(7.15) KtZ^f = Z^Kf^^f, t>0, 

where we recall that stands for the semigroup of a Bessel process of dimension 2, see (1221). 
Now, to prove (|7.15p we resort to a criterion which has been provided by Carmona et al. |24l 
Proposition 3.2]. More precisely, they showed that the intertwining relation (|7.15l) is valid on 
Co(M+) whenever the following two conditions are satished. 

(1) The ensuing factorization of entrance laws, which characterizes the invariant measures 
in our setting, 

K,Z^f{0) = 

holds. Since according to (|2.22p with t = 1 we have that Kif{0) = f{x)u{x)dx = 
V^/(l), we emphasize that, in our notation, this factorization translates to 

(7.16) V^Z^fil) = £f{l), 

where the Markov operators are defined in Lemma 17.61 below. 

(2) The operator associated to the entrance law of the semigroup K is injective in Co(M+). 
More specifically, by means of the self-similar property of index 1 of the semigroup K, 
this means that 

(7.17) for any f,g e Co(M+), if for all t > 0, V^f{t) = V^g{t) then f = g. 

Factorization (|7.16p is the purpose of Lemma 17.61 Lemma 17.91 provides condition ()7.17p . 

Lemma 7.6. Let E 7V7 and recall that il){u) = u(p{u). Then, we have the following factoriza¬ 
tion of the multiplicative Markov operator £ associated to an exponential random variable e of 
parameter 1, i.e. £fix) = E [/(xe)] = f{xy)e~ydy, f E Co(M+), 

(7.18) £f{x) = V^Z^f{x)=Z^V^f{x), x>0, 

where we have set V^f{x) = K[f{xV,p)] with defined in Provosition \2. 6tfT]l . Let g E L^(e) 
then (|7.18l) holds with f = g^ at x = 1. 

Remark 7.7. We mention that, in the special case (/)(0) = 0, identity (|7.18l) can be reformulated 
as the factorization of the exponential law identihed by Bertoin and Yor m- We also point 
out that in Lemma 110.31 below, under some additional conditions, we shall provide another 
factorization of this type which is useful for proving the completeness property of the sequence 
of co-eigenfunctions (Vn)n>o hi L^(i/). 

Proof. Since V' £ we know from (16. 4p of Theorem Ih.ltfTI) and Proposition 

16.7113]) that both operators Z^ and are moment determinate and more precisely we have, for 
any n > 0, x > 0, Pn{x) = x”, using p6.1ip and (|2.20p . that 

Tl\ 

Pn{x) and V^pn(x) = WJn + 1) Pn{x). 


Z^V^Pn{x) = V^Z^Pnix) = nl Pn{x) = £pn{x) 
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(7.19) 

Hence, 


Z^Pn{x) 































and identity (jT.lSp follows from the fact that the law of the exponential random variable e 
associated to E is also moment determinate. If 5 G L^(£) then \\g\\‘l = = V^T^g^{l) = 

X^V^g^{l) follows from elementary application of Fubini’s theorem. □ 

We proceed with the following corollary which is a consequence of the Bernstein-Weierstrass 
representation of the Mellin transform developed in Chapter [ 6 l 

Corollary 7.8. For any 4> & B, we have / 0, for any z G C(rf^^oo)) */ addition 

4>{0) = m > 0,^0 = 0, then M.y^{z) / 0, for any z G C[o^c>o)- Similarly, M.j^{z) ^ 0 on the 
strip C(o,oo) • And, if in addition 4>{0) = m = 0, 4> does not vanish on Cq \ {0 } and 4>'{0'^) < 00 
then (z) ^ 0 on the strip Cjq^oo) • 

Proof. The proof follows from the proof of Theorem 16.II (resp. Proposition [ 6 ] 8 ]) of the absolute 
convergence of the complex logarithm of My^{z) (resp. M.i^(z)), see from (|6.18|) onwards. □ 

Recall that L°°(^) stands for the set of measurable a.e. bounded functions on T C M. The 
next result proves the second condition, that is (I7.17p . 

Lemma 7.9. For any if G Af, G B(Co(M+)) and is one-to-one in L°° (M_|_). 

Proof. From the definition of a Markov operator, for any / G L°°(M_|_) and ?/ G M, 

(7.20) V^fiey) = E [f{V^ey)] = E [/e {y + InF^)] = /^ * Uv). 

where we have set = e“^i^(e“^), /e(y) = f{eA) G L°°(M) and * stands for the standard 

additive convolution. Assume that there exists g G L°°(R_|_) such that 

V05'(e^) = * i>e{y) = 0, for all y G R. 

Then, according to the Wiener’s Theorem, see e.g. m Theorem 4.8.4(ii)], we have, for some 
6 G R, that 

POO P 

(7.21) My^{l-\-ib)= / x'-'^v{x)dx = / e~‘^'^i>e{y)dy = t), 

Jo Jm. 

which contradicts Corollary 17.81 where it is stated that is zero-free at least on 2 ; G C(o,oo) 
and we know from (16.4p that for cf G Bjy, V^j, = and thus A4y^ = J^y^. □ 

Now it remains to show that the intertwining relation (I7.14p extends from Co(R+) to L^(e). To 
this end, we first prove the following. 

7.1.2. Proof of Theorem Bm- First, observe that is plainly linear. Next, let / G L^(e) 
and using Holder’s inequality and the very last claim of Lemma 17.61 we get that 

POO 

(7.22) \\T^f\\l< / I^f\xMx)dx = V^I^f\l)=Ef{l) = \\f\\j<oc, 

Jo 

which shows that I(j, G B(L^(e), L^(z/)). The fact that G B(Co(R+)) follows immediately by 
the dominated convergence which completes the proof of Theorem 17. llfTI) . 
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7.2. End of the proof of the intertwining relation (17.3p . We recall that Cc(M_|_), the 
space of continuous functions with compact support in M+, is dense in L^(e) and since G 
B(L^(e), L^(i/)), and, from Theorem I1.61f3|) . for all t > 0, Qt G B(L^(e)) and Pt G B(L^(i/)), 
we conclude the extension of ()7.14l) from Co(K+) to L^(e) by a density argument. 


7.3. Proofs of Theorem [7jT]j2]) and ([3]). Let ijj G M and thus (p G I3j\f. Next, we recall that, 
for any n > 0, Pn{x) = x”, and from (j7.19p we have immediately that pn G L^(z/), n > 0. Also 
from 'ip{u) = u(p{u) and (j7.19p the monomials are eigenfunctions for in L^(z/) and 

= w,(n+ 1 ) = 

for all n > 0. Moreover, as the probability measure v{x)dx of the positive random variable 
is moment determinate, see Theorem Ib.llfTll . the polynomials are dense in L^(z/), see [H 
Chap. 2, Cor. 2.3.3, p. 45], which proves YlaniX^) = in To prove the last claim of 

item m, we check with the notation above and V'(u) = u(p{u) that, for all n > 0, 


IPnll^ — + 1 ) — r( 2 n + 1 )- 


n 


k=n+l 


nLi (=f^) 


Since Hpnlle = r(2n + 1), we get that is not bounded from below if and only if 
(7.23) 


lim = hm ^ 


2n I ')p{k)\ -r-rn / ijj{k+n) 

k=n+l ^ llfc=l 

p}{k)\ n^oo yin ( 'tpjk) 


ibniii ™ n».. 

Next, note from (|1.3I) that an integration by parts yields that 

CXD 

ipik) 


= 0 . 




= fT" + 


j + I e-’^yU{y)dy, 


where we recall that n(?/) = JJ^n(r)(ir, see (|1.5[) . If > 0, and, assume without a loss of 
generality that = 1, then from (|7.23p it suffices to show that 


lim y In 

n—^ 


k=l 


1 - 


V 


1 + f + / e-^y'^{y)dy 

0 


hm 

n.—^oc) < ^ 


k=l 


mn 

k{n + k) 


P^^kin) = -oo 


where we have set Pk{n) = e~^y{l — e~'^y)Ii{y)dy. If m > 0 the claim is clear. If m = 0, 
unless Il{dy) = Ody, y > 0, which holds if and only if n(0''') = yn(dy) = 0, we have since 
n is non-increasing on M_|_ and 11(0"’“) > 0 


hm y 

n .—^ 


k=l 


poo _ pc 

/ e-'^"(l-e-’*")n(y)dy = - / 

/o Jo 


e~y = 

—U{y)dy = -oo. 


1 - e-y 
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If (T^ = 0 the claim is obvious by noting that from the first equality in (I4.2p of the Proposition 
14.11 we get that k~‘^il){k) = k~^cj){k) is non-increasing to zero, as A; —oo, and therefore the 
last product in (|7.23l) is bounded from above by = o(l). Thus is 

not bounded from below whenever 11 is not the zero measure on M_|_ or m > 0. Otherwise, 
4>{u) = a'^u and by moment identification from (17.1911 we have that vix) = x > 0, 

and I(j, = a~^. That is for all / G L^(zv), we have that WX^fWf, = f'^{cr~'^x)a~‘^e~^ ^^dx = 

ll/llg and the claim follows. This completes the proof of Theorem 17.11 since item ([3]) is easily 
deduced from the first identity in (|7.19p . 

7.4. Proof of the uniqueness of the invariant measure. The intertwining relation allows 
also to prove the uniqueness of the invariant measure, that is v{x)dx is the unique invariant 
measure of the Feller semigroup {Pt)t>o- Indeed, assume that there exists a measure v{dx) ^ 
v{x)dx such that for all / G Co(M+), vPtf = vf = f{x)i>{dx). From Theorem l7.1l!fT]l we 

have that X^ G B(Co(M+)). Since Co(M+) C L^(e) then the intertwining relation (I7.3p holds in 
Co(M+) and we obtain that 

vX^Qtf = vPtX^f = DX^f. 

Therefore, v{x)dx = i{x/y)'^^^dx, where i is the density of I^, see Propositioi lh. 7lfT]l . is 

an invariant measure for the classical Laguerre semigroup Q, and, thus by uniqueness of its 
invariant measure i>{x) = e(x) = e“*, x > 0. Hence, the factorization (17.1811 holds with V,/, 
replaced by V that is the Markov operator associated to the variable V with law P. By taking 
Mellin transform on both sides of this new factorization and noting from Corollary 17.81 that 
is zero-free on C(o,oo) we get that = Aiu{z), i.e. P{dx) = v{x)dx. 


7.5. Proof of Theorem 17.31 Let V’ £ ■ Using the form of the Laguerre polynomials, see 

dsai), the hrst identity of (|7.19ll and the linearity of X^j,, we hrst note, for any n > 0, that 


(7.24) 


X^Cn{x) = 


k=0 


n 


E 


u = Em)‘ 


( 2 ) 


J k\ 


k=0 


w^k + 1 ) 


x’' = Vn{x). 


As, for all n >0, Xri ^ 9'iid Xfj^ G B(L^(s'), L^(r^)), we get that P^i ^ and, 

PtX^Cnix) =X^QtCn{x) = e~"'^X^Cn{x), 

where we have used successively the intertwining relation p7.14p . the eigenfunction property of 
the Laguerre polynomials, see p3.6p . and, again the linearity property of X^. This proves the 
hrst claim of Theorem 17.31 (f T]l . The second one, i.e. the bound p7.10p . is obtained by observing 
that, for any n G N, 

\\Vn\\u = WX^PnWu < \\Pn\\e = I, 

where we used that X^ G B(L^(e), L^(z/)) is a contraction, see (|7.22ll . and the Laguerre polyno¬ 
mials form an orthonormal basis of L^(e). Next, using the fact that is moment determinate, 
see Theorem Ih.llfTIl . the polynomials are dense in L^(z/), see [U Chap. 2, Cor. 2.3.3, p. 45], 
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which gives that Span(P„) = in Moreover, for any / G L^(z^), the Bessel property 

of the sequence {Vn)n>o is obtained from the following relations 

OO OD OO 

(7.25) 5;i(/,Pn).P = J;|(/,x^/:„),|2 = ^|(x;/,£„),|2 = ||x;/||2<||/||2, 

n=0 n=0 71=0 

where we have used the Parseval identity for the Laguerre polynomials (£n)n>o in L^(e) and 
that G B(L^(i/), L^(e)) is a contraction as the adjoint of the contraction G B(L^(e), L^(z^)), 
see Theoren lT.llfTI) . Next, assume that {T’n)n>o is a Riesz basis, then being already a com¬ 
plete Bessel sequence it means that for every sequence (sn)n>o in ^^(N) there exists a unique 
/ G L^(i/) such that, for any n > 0, 

Sn = {Vn-,f)v 

Since (Xn)n>o is an orthonormal basis in L^(e), we have that (sn)n>o £ ^^(N) if and only if 
there exists a unique g G L^(e) such that for each n G N, s„ = {Cn,g)e- Therefore, 


Sn = {rn,f)u = = {jC.n,i;f)e 

implies that the equation I^f = g must have a unique solution for any g G L^(e). In turn this 
means from the open mapping theorem that, with the obvious notation, = X” is bounded 
from below which from Theoren jZ.ltf^ provides a contradiction and completes the proof of item 
(ED- Next, from the three term recurrence relation satisfied by the Laguerre polynomials, see 
dSSD, combined with the identity (17.241) . we get easily, by linearity, that, for any n > 2, 


Vr 


(x) = I^jC„(x) = (^(^2-I - £n-l(x) - (^1 - jCn- 2 (x)^ 


= 2 - 


n 


n 

n—l 




k=0 


n — l 
k 


E 


rfc+l 


X 

J Id 


- 1 - 


n 


Vn- 2 (x). 


The recurrence relationship (j7.11jl follows after observing that E 




rk+l 

II 


Proposition [4.; 

I9D- 


where 


from a classical result in the theory of orthogonal polynomials, see e.g. [951 Theorem 3.2.1], the 
sequence of polynomials {Vn)n>o is orthogonal in some weighted space if and only if there 
exist real constants An, Bn-,Cn-, n > 2, such that, 


(7.26) Vnix) = {AnX -b Bn)'Pn-l{x) + CnVn-2{x). 

First, equating the coefficients of the monomials x”, 1 of (|7.26p we get, since W^{n -|- 1) = 
0^=1 that An = “ 0 ^) Bn -|- = 1. Then, equating the monomials x, x'^~^ in (I7.26P 

and from the expressions for An, Cn we get that = 2 — = n — — 1). This allows 

us to check that relation ([7.261) holds if and only if the following equation is satisfied 

(n — 2)4>{n) — (n — l)4>{n — 1 ) + 0 ( 1 ) = 0. 

It is easy to verify that 4>{n) = cr^n-bm, with cr^, m > 0, is a solution to this equation. To show 
that there do not exist other solutions, we set g{u) = 0 (t+ 2 )-lA(i) ’ “ - observe that 

g is a solution to the functional equation g{n -b 1) = ^i^g{n), n > 1, with < 7 ( 1 ) = 1. Hence, 
g{n) = ~ which completes the proof of ([ID- Next, from [311 Proposition 
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2.1(ii)], easy algebra yields the identity ()7.12l) . i.e. e^3\Y^{xt) = Yl^=o'^n{—x)^, for any x,t G 
M. Furthermore, we observe, for any p = 1,..., n — 1, and x G M, and, modifying slightly here 
the notation to emphasize the dependency on </>, that 


(7.27) 




r(fc + 1) _ (fc) k-p 

^r(A:-p + l) W^{k + l) 

r(n + i) (V) . 

T{n-p + l)W^{p+l)^^W^^{k + lf 
T{n-p + l)W^{p+l)' 


where we recall that since (pp{u) = 4>{u+p), we have, from (|6.14l) . W^^{k+1) = (l){k+p)W^^{k) = 

• The expression = f 1 + hm ^ £ [p order of the entire 

' y n^oo ^ / — 

function '2w^ as well as the lower bound for its type > (1 + 0)e ,p{n)n~'^ ’ been 

n—¥oo 

found in [Sj Proposition 5.2]. We simply reproduce here the proof of the expression of the type 
when 0(^ = 1 or equivalently when </> = 0. We recall that w^{n+i) nl' From 

the classical formula of the type of an entire function, see e.g. m Chap. 1, Theorem 3], with 
00 = 1, using the asymptotic equivalent of W^{n + 1) C 4 ,\/G{n) = j^hi(j){u)du, 
in (15.2p and the classical Stirling estimate r(n + 1) ~ -^n"'“2e“"', we get that 


U = - lim 


n 


= lim exp ( — 


hi<p{n) G{n) 


2n 


+ 


n 


e n^Qo \r(n + l)lF0(n + 1) 

where we have used the fact that \n(j){n) = O(lnn), which follows from Proposition Id.ltj^ . 
and, by PHopital’s rule, lim^^oo = hm^^oo In (()(n) = ln(/)(oo) = Inr. Next, observe that, 
for any p > 0, with (/>p(m) = 4){u + p) as above. 


O0P = 1 + lim 


log 4>{n + p) 
log n 


-1 


= ( 1 + lim 


log <p{n) log 4>{n + p) 
log 4‘{n) log n 


0(/)) 


where the last identity holds when 0(oo) = oo using 0(n) < 4>{n + p) < (^ + l) 4>{n), which 
follows from (|4.4n and Proposition I4.1l|2]l . and is obvious when </> (oo) < oo. Also using [65l 
Chap. 1, Theorem 3] it can be shown that t0 = 10^ Next, from (17.121) . we get, after performing 
a change of variables, that, for all n, x > 0, 


'Pni-x) = e^3w^{zx) 


dz 

yU+l 


n\ „ 

=-x"" 

2m 




dz 

yTl + l ' 


where the last contour is a circle centered at 0 with radius nx > 0. Then, the definition of the 
order, see m Chapter 1], yields that for any x > 0 and for large n. 


max \3wsA)\ < £A'^x), 

\z\=nx 
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where we recall that, for any e > 0, £^{x) = ‘^I{o<4<oo} + '^^^{4=0} + I{t0=oo}- 

Hence, we get, that for large n and for all x > 0, 

r2TT 


\Vn{-x)\ < I 


^ncose^Q 


\ -n\nn 

= £^{nx)—- -prH + 3r(-n)) = O 


nx)e^ 


In n 


where we have used the integral representation of the modified Bessel function = 

n Jq see e.g. [Ml (5.7.4) and (5.10.8)], and, for the last inequality the bound n! < 

gi-nj^n+2^ Finally, from ()7.27p . ~ nP, and 0^^ = we complete (|7.13p since 

then £^{x) = £^j^{x). The proof of Theorem 17.31 is thus concluded. 
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8. CO-EIGENFUNCTIONS: EXISTENCE AND CHARACTERIZATION 


In this Chapter, we initiate our lengthy study, that will also cover the two following Chapters, 
on the eigenfunctions of the adjoint semigroup P*, which we recall is discussed in Theorem ll.61 
We also name them the co-eigenfunctions of P. More specifically, we say that, for some t > 0 
and n > 0, Vn is a co-eigenfunction for Pt, or equivalently, an eigenfunction for its adjoint P^ 
in L^(z^), associated to the eigenvalue if Vn £ L^(z/) and P^Vn = which can be 

rephrased as, for any / G L^(z/), 

(8.1) {f,Pt*Vn)u = {Ptf,Vn)u = e-^\f,Vn)u- 


The investigation of co-eigenfunctions turns out to be more delicate than the one of eigen¬ 
functions. Indeed, from the adjoint intertwining relation, see (|8.3p . they are defined, whenever 
they exist, as the image of the Laguerre polynomials by an unbounded from above opera¬ 
tor, see (|8.4p . This forces us to develop several strategies to provide relevant information 
regarding the co-eigenfunctions such as existence, characterization, completeness and norm 
estimates. The next Theorem, which is the main result of this part, deals with the two first is¬ 
sues. Before stating it, we recall, from Chapter[Tl that Moo = {ip G M] > 0 or n(0“'') = oo}. 


= ool|^2>o} + m + npO"'') and = 


n(0+) 


— 1 with Nr = oo whenever 11 (O'*') = oo. 


Theorem 8.1. 

( 8 . 2 ) 


We have that Vn defined for any x > 0 by 

yn{X) = r = j r 

u[x) n\u[x) 


Wnjx) 

i/(x) 


is a co-eigenfunction associated to the eigenvalue e in each of the following cases. 


(1) Ip G Moo o-nd n > 0, and, in this case, 


V„GC~((0,r)), 


(2) Ip G Mpo and 0 < n < 

If Ip G Mfo, we have, forn < Nj, Vn G ((0,r)). Finally, i/Nj > 1 then for any n > 

Vn i 

Remark 8.2. Note that the final claim elucidates that Vn ^ L^(i/) for all n > —2^ with N^ > 1. 
This phenomenon tells us that then the corresponding eigenvalues of the adjoint semigroup 
P are part of the residual spectrum. It seems rare in the literature to quantify such a cut-off 
between the point and the residual spectrum for such a general class of operators. 

Remark 8.3. Note that the condition in item ([2]), for any n < —is sharp in the sense that 
for the existence of co-eigenfunctions of a specific gL semigroups, see Example 13.41 this is a 
necessary and sufficient condition. 

The rest of this Chapter is devoted to the proof of this Theorem. We start with the following 
claims on the adjoint intertwining relation. 

Proposition 8.4. Let Ip G M and recall that (p{u) = G Bjg-. 
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(1) For any t >0 and g G we have the following intertwining relation 

( 8 . 3 ) Qtz;g=z;p:g, 
where Z*^ G B(L^(e), L^(i/)) is the adjoint ofZ^. 

(2) Ker(Xp = {0}. However, Ran(X^) = L^(e) if and only if'if{u) = Cu^. 

(3) For any n G N, the equation 

(8.4) Z;g = £n 

has at most one solution in L^(z/). Moreover, if, for some n G N, Vn G Z‘^{v) is a 
solution to the equation (EaD then Vn is a co-eigenfunction for Ft associated to the 
eigenvalue 


Proof. First note that the claim G B(L^(e), L^(z^)) follows readily from Theorem I7.1I|T]) . 
Then, from the intertwining relation stated in Theorem I7.1l!|7.3p . and the self-adjoint property 
of Qt, we get, for any t >0, f G L^(e) and g G L^(z/), that 

(8.5) {f,z;Pt*9)e = {PtZ^f,g), = {Z^Qtf,g)e = {f,QtZ;g)e, 

which proves identity (18.3p . Next, the claim Ker(Xp = {0} of the second item is obtained from 
the fact that Span(P„) = Ran(X(^) = L^(z/), see Theorem l7.3l|2p . The fact that Ran(Xp = L^(e) 
if and only if 'ip{u) = Cu^ follows readily from Proposition R.Rp p. Since Ker(X^) = {0}, the 
equation (|8.4I) has at most one solution in L^(z/). Hence, if Vn is a solution of (|8.4p then 
Vn = {Z^)~^Cn, where is the unbounded inverse of Z^. Therefore, since from the 

intertwining (18.3p . we observe that QtZ'^Vn G Ran(X^), we get that 

( 8 . 6 ) PfVn = {Z;)-^QtZ;Vn = {Z;r^QtCn = e-^\z;)-^Cn = e-^^Vn, 

which concludes the proof. □ 


The description of the range of Z^ and of its unbounded inverse seem to be very difficult 
problems. Thus, to identify and to provide conditions for the existence of co-eigenfunctions, 
we implement the following two-steps program. First, by considering the formal adjoint of 
Zfj, in L^(M+), we transfer equation (18.4h defined in into a Mellin convolution equation 

that can be studied in L^(M_|_) or even in the sense of Mellin distribution, see (18.lip below 
for a precise statement. Then, by means of Mellin transform techniques we study (j8.1ip to 
obtain, in distributional sense, necessary and sufficient conditions for existence, uniqueness and 
description of its solution. In particular, we get a characterization in terms of the Rodrigues 
operator acting on the density of the invariant measures v. Then, applying the variety of results 
on V (smoothness, positivity, small and large asymptotic equivalents or bounds) developed in 
Chapter [5l we obtain (almost) necessary and sufficient conditions for the existence of a unique 
solution to the original equation (18.4p considered in the Hilbert space L^(i/). 
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8.1. Mellin convolution equations: distributional and classical solutions. Let us start 
by introducing the necessary notation to formulate the distributional setting of Mellin trans¬ 
forms and we refer to [ZQl Chap. 11] for a concise description. We denote by Ep g (resp. E^ ^), 
with p < q reals, the linear space of infinitely differentiable functions / defined on M_|_ such 
that there exist two strictly positive numbers a and a' for which, for all G N, 

/W(x) = and, 


(resp. the linear space of continuous linear functionals on Ep^g endowed with a structure of a 
countably multinormed space as described in m p. 231]). We simply write 


(8.7) E — Uq>oEo,g 

with E' standing for the corresponding linear space of continuous linear functionals on E. 
We also recall, from Proposition l6.7lfT]) . that P (/^ G dy) = i{y)dy, y > 0, and, ^^/(x) = 
fo f{xy)i{y)dy for a smooth function /. 

Lemma 8.5. Let 'ip{u) = u4>{u) G M. 


(1) G B(L2(p a)) where we recall that PQ(a:) = x a: > 0, with a G (0,1). If m = 0 
and 4>'{0~^) < oo then one may choose a = 0. Moreover, denoting by Z^ the adjoint of 
Z^ in L2(p„), we have for any f G L^(pq) that, for almost every (a.e.) x > 0, 

(8.8) = / f{xy)T{y)pa{y)dy, 

Jo 

where we recall thatt{y) = i{l/y)l/y with l the density of I(j,. The adjoint when a = 0 
can be formally defined through the right-hand side of (j8.8p . in the case m > Q, for any 
f G L^(M_|_) such that lf(xy)IT(y)dy < oo for a.e. x > 0. 

(2) We have that Z’^ G B(L^(i/),L^(e)). It is the linear operator characterized, for any 
f G L^(z/) and a.e. x > 0, by 

(8-9) ^f{x) = f{xy)i^{xy)T{y)dy = -^Z^fi^ix) 

where %f{x) = Z^f{x) = f{xy)T{y)dy. 


(3) Moreover, we have i G Eq ^ for every g > 0 and T G E'p ^, for all p < 1. Consequently, 
for any w gE'q^, with q > 0, we have that 


( 8 . 10 ) 






I Eo,9 


^ Eo,g, 


where we have set Z^w = l and l is the Mellin convolution operator in the 
space of distributions, see im Chapter 11.11] for definition and notation. 


Remark 8.6. It is worth pointing out that the left-hand side of (18.Op implies \f{xy)\i' {xy)T{y)dy < 
oo simply by the virtue of the fact that G B(L^(e), L^(j^)) whereas G B(L^(]R+), L^(R+)) 
may not hold, see item ([T]). 
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Remark 8.7. Note that for t(; G L^(t), we have the identities 

/ f x\ dy - 

w{x) = Wy/ l{x) = J w I-J 4y)— = J w{xy)t{y)dy = X^w{x), 

which justifies the notation above. 


ra—l 


Proof. Plainly, is a linear operator. Next, since for any a G (0,1), A4j^(a) = E 

oo, see Proposition [621 we have, from the Cauchy-Schwarz inequality and a change of variab 
that, for any / G L^(pq,), 


< 

es, 


IWIIL ^ E 


Ljo 


f{xl^)pa{x)dx 


/•OO 

/ fix)Pa{x)dx = Mi^ia)\\f\\l^, 
Jo 


which proves G B(L^(pq,)). The latter is valid for a = 0 whenever A^/^(0) < oo which, 
according to Proposition 16.81 is true if m = 0 and < oo. For any /, g G L^(pq,), we have, 

after performing a change of variables and using Fubini’s Theorem, that 


W,9) 


Pa 


' 1*00 

/ f{xy)i{y)dyg{x)pa{x)da 
Jo 

f°° ( yKy)dy y ! 

/ 9Vy)—^J{r)pa\r)dr 

Jo y 


which yields (18.8p and item ([1]) as the last claim is obvious. Since X^ G B(L^(e),L^(i/)), see 
Proposition l7.1lfT]) then G B(L^(p), L^(e)). For any / G L^(e), / > 0 and 5 G L^(p), 5 > 0, 

poo poo 

= f{xy)i{y)dyg{x)v{x)dx 

Jo Jo 

poo poo 

= / / i{r/x)g{x)v{x)/xdxe{r)dr 


poo 

f{r)e~^{r) / g{rv)u{rv)T{v)dve{r)dr 

Jo 


= (/,£ 


Thus, we conclude (j8.9p . Let us consider item ([3]). Since the mapping z 1-^ JAi,{z) = JAj^{z) = 
(1 — z) G A(o,cxd) and \}Ai^{z)\ < < 00 , for z G C(o,cxd)) see Proposition 16.81 we 

deduce from m Theorem 11.10.1] that l G Eq g, for every g > 0 and X G R'p^i for every p < 1. 
The proof of (|8.1UI) is immediate from [7D1 11.11.1] checking that, for any / G Eo,g, q > 0, 

poo 

d^4>fix) = / fixy)i^iy)dy = {i,fix.))E'^^^,Eo,g^ 

J 0 

and thus {X^w, b/) e[, ,^,£ 0., = where the last relation is 

simply [TOl Definition 11.11.1]. □ 


Recall that the Rodrigues operator is defined as f{x) = ^ {x^f{x))^'^\ 

Proposition 8.8. Let ip G AA, and, for any n G N, we write £n{x) = Cn{x)£{x) = TZ^^^e{x). 
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(1) Then, for any n G N the Mellin convolution equation 

( 8 . 11 ) I^f{x)=Snix) 

has a unique solution, in the sense of distributions, given by 

Wn{x) = n^^'>u{x) = ^{x^u{x))^^'^ G E'. 
n! 

Its Mellin transform is given, for any z E C(o,oo)? by 


( 8 . 12 ) 


■^Wn iV 


(-1)" r(z) 
r (n + 1) r(z — n) 


-^vv(^)- 


(2) In fact, writing Pq(x) = x~-, x > 0, with —oo < a < 1 — 2d^, 

(a) if if & Afoo then, for any n > 0, u)„ G (pa) n Cg°(M+), and, 

(b) if if ^ Mff, we have the following cases. 


(8.13) // n G A^2 = G N; -->0 and 0<p< - - 

( r 2 r 2 

whereas, 

i/n G A^2 = Ip G N; ^ — - < 0 and p = 0, or, p > ^ — - 

[ r 2 r 2 

Moreover, for any n < N^, Wn G ((0, r)) and if in 

Wn G C^'-"-^(M+). 


then Wn G (p„) , 

then Wn 4- (Po) • 

addition > 1 then 


(3) Finally, i/Nj > 2 we have, for any n < Nj and x > 0, that 

(8.14) Z^Wn{x) = / Wn{xy)T{y)dy = en{x). 

Jo 

Remark 8.9. It is possible that n = _ 1 in item ([2|). Then whether Wn G L^(R+) or not 

can be extracted from the behaviour of the slowly varying function I that appears in Theorem 
I5.2tj5.4l] . and, from |91j (1.9)], which can in turn be expressed in terms of the excursion measure 
n defined in (|5.26p . Clearly, though, in any case, Wn ^ L^(M+), if n > Nr + 1. 


Proof. Let if G AA. Recall from Lemma ISAtlSl) that T'^w = w^J i. Take w G Eq 9 > o> and, 
with 2 G C(o,g), note that Pz{x) = x^ G Eo,g. Then, we have that 

= (w^\/LP^-i)e' ,Eo,, = {wn<f>Pz-l)E',Eo,,j = Ml^(z)Mnj(z}, 

<p ’’ 

where we have used that X^p2_i(x) = pz-i{x)JAi^{z), see (|7.19p . However, since, for any 
n G N, Cn{x) = 1 see ()3.3p . that is e„(x) = TS^">e{x) we get, from [TOl 11.7.7], that 


(-1)" r(z) 

n! T{z — n) 
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r(z). 
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Putting pieces together, we get that the Mellin transform of a solution to (|8.1ip takes the form 

(-ir r(^) r{z) i-ir r(z) 


(8.15) 


Mj{z) = 


n! r{z — n) Mi^{z) P (n + 1) r( 2 ; — n) 


r(z) 


where for the last identity we have used from Proposition 16.81 that M.i^{z) = and, from 

(16.41) and (16.51) . that M.v^{z) = W^{z). Next, since, from Theorem Ih.ltlSl) . we have that, for 
-2 £ C(o,oo)) -2^ ^ -^v^iz) is analytical with \ Aiv^{z)\ < Mv^i^iz)) < oo, we deduce, from [70l 
Theorem 11.10.1] that G Eg^, for any q > 0. Hence, by means of |70l 11.7.7], we have that 
with f = Wn = i/, / G Eg g and / is a solution to (|8.11l) . The uniqueness of the solution 

and thus (I8.12P follow from the uniqueness of Mellin transforms in the distributional sense. Eor 
item from the expression of A4wn ia (18.121) . we first observe, from Theorem I6.HI3]) again, 
that for all n > 0, Mwn ^ -^( 0 ,oo)- Then, the classical estimates of the gamma function (19.71) 
combined with the asymptotic behaviour of in (15.31) . yield for any a < 1 — 2d^ and any 
u < max(Nr — 1,0) that, for large j6j. 


M. 


1 — a 


+ ih 


= 0 16 ] 


Mv„. 


1 — a 


+ ib 


= o I 




Since = oo when ijj G Afoo, the proof, in this case, follows easily from this estimate by 
appealing, for the Cg°(]R_|_) property to a standard Mellin inversion argument, explained in 
(jl.36p . and, for the (p^) property, to the Parseval identity (|1.39p . since for all n G N, 


G 


and hence 


recalling that Paix) = 6 i-)- Mp_awr, (5 + + ib^j 

X x~^Wn{x) G L^(M_|_), that is Wn G (Pa)- For G it can be checked immediately 

G L^(M) if n < _ 1 and fails to 


from [511 Theorem 5.2] that b 1 —)• 

be square integrable provided n > ^ — i. Therefore, the Parseval identity (11.391) gives 

the same condition to distinguish whether p_s,Wn belongs to L^(M_|_) or not. Next recalling, 

from Theorem 15.2t[2p . that v G C^'((0,r)), and, for N^ > 1, z/ G C^''“^(M+), we get the stated 
equivalent properties for Wn and complete the proof of the item ([2]) . We proceed with item (|3|) 
and thus assume that N^ > 2. To prove (|8.14l) we first note that 


/' 


\wn{xy)\'T{y)dy = 


1 /I 


\wn{xy)\-t {-] dy 


y \y 


Then (I5.46p yields that for any n < N^ — 2 and any a> d^j, there exists a constant C = Cn;a > 0 
such that for any x > 0 

(x"'Z/(x))*'"'^ 


< Cx- 


Then, choosing a = 1, we get that 


1 /I 


L 


'JJ<l>\wn\{x) < / \wn{xy)\-i[-] dy < 


y \y 


GuflTl 

X Jo r \y 


dy = ( 1 ) < 00 , 


since A4/^ G M(o,c>o) ia any case, see Proposition 16.81 Hence, is well defined in the sense 

of ()8.8n with a = 0 and it is a proper product convolution. Clearly, then, for any n < N^ — 2, 


= ■^«’n(z}Mi^(z) = Me^(z), 
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where the latter follows precisely as in (|8.15p above. 


□ 


8.2. Existence of co-eigenfunctions: Proof of Theorem 18.11 From Propositior l8.8l!f2]l 
and > 0 on (0,r), Theoreir l5.2lfT]) . we conclude from the definition of Vn = Wn/^-, see (|8.2p . 
that Vn £ ((0,r)). Assume for a moment that for some n E N we have that Vn E 

Then from (18.91) = jlfpWn and I^\wn\ = \wnixy)\t{y)dy < oo. Hence, (18.141) holds 

and yields that I^Vn = ^ = C.n- Finally, (j8.4p implies that Vn is a co-eigenfunction of Pt 
associated to the eigenvalue Therefore, it remains to show that Vn E This is a 

difficult question which requires, in particular, several of the very precise estimates developed in 
Chapter [5l We now observe that, for some n E N, E L^(i/) if and only if the function 


(8.16) Fn{x) = {n\fvl{x)i'{x) 



wl{x) 

v{x) 


ELH(0,r)). 


Since > 0 on (0,r) with v E (0,r), see Theorem 15.2lfT]) . for n < N^, it suffices to check the 

integrability of Fn in neighbourhoods of 0 and t. In the case 1 < < oo, for n > N^, we shall 

show, in the cases, by other means that Vn ^ L^(z/). 


We state the following result after recalling, from bound (j5.5p stated in Theorem 15.41 that for 
any ip G M and any a < A E (0, r), there exists Ca^A > 0 such that for all x E (0, A) 

(8.17) uix) > Ca^AX~-. 

Lemma 8.10. For ip E Moo and n G N or ip G M^ and n G N 2 , see (|8.13p . we have that 
X I—>• Fn{x)I^x<A} is integrable on M+ for any A G (0,r). However, if ip G M^ and x 
xWn{x)I{x<A} 0 L^(M+) for some A G (0,r) then Fn{x)I^x<A} is not integrable on M+. 


Proof. From (I5.12p we have that n{x) = x ^z?i(x ^) with the density of a self-decomposable 
random variable which is known to be unimodal and hence Pi is ultimately non-increasing, see 
m Theorem 1.1]. Therefore, for any x < A < t we have that iy{x) < C_ ^x for some 
C = CfA) > 0. This bound and the one recalled in (j8.17p . yield that, for any n E N, for any 
a < and x G (0, A), 

(8.18) Cx^wl{x)I{x<A} < Fn{x)I{x<A} = ^ Ca,AX-wl{x). 

The upper bound with a G {2d^ — l,d^) together with Proposition IS.SpP gives the first claim 
for the integrability on R+ of x 1—>■ Fn{x)I{x<A}, for any A E (0,r). The lower bound proves 
the second claim for the non-integrability. □ 


Upon the classes considered, the study of the integrability property of Fn at r requires different 
analysis that we split into several parts. 


8.3. The case ip G Moo,oo- We start by investigating the case when ip G Moo, 00 , that is when 
Nj = r = 00, and, from Theorem 15.51 we obtain the following. 
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Lemma 8.11. Let 'll; G Moo,oo- Then, for any n € N, there exists > 0 such that 

C,h / ., ' . - r ,r,(„\LL 


(8.19) 


\/‘l'K 


where ip{(j){x)) = x. Consequently, for any n G N, and ^4 > 0, is integrable on 

Proof. Recall that (15.71) claims that, for any n G N, 

( 8 . 20 ) 

from which we deduce that 




V2'7T 


{x^n{x)) 


in) ^ 




.fn\ r(n + l) , ^^n-k,n-k. 


k=0 


kJ r(n — k + 1 ) 


(-1)”-^ (3:). 


Fnix) 


00 


Since limj-^oo 7^(3;) = 00 , hence ip^{x) is the leading term and (18.191) holds. From the third 
equality in (I8.16h . using the asymptotic relation (I8.20j) for n = 0 and twice (I8.19p . we get that 

i^{x) V V yr- V y V v yy 

Finally, from the upper bound (I5.46p . we get, with k = 2n and a > 1 therein, that for any 
X > 0, there exists a constant C = C 2 n,a > 0 such that 

(x 2 ”zy(x))^^"^ <Cx-“, 

which shows that F)i(3:^)I{x>A} is integrable on M+ and completes the proof of the Lemma. □ 

Lemma 18.101 and Lemma 18.111 complete the proof of Theorem l8.1lfT]) when if G N'oo,oo- We 
proceed with the remaining case of l8.1l!fT]) . that is V' £ A7oo \ A7oo,oo- 


8.4. The case if G AAoo \A7oo,oo- We now discuss the case r < 00 and = 00 . Expanding 
the third expression in (18.161) , to obtain the integrability of Fn in a neighbourhood of r < 00 it 
suffices to show, for any 0 < i + j < 00 , that 


( 8 . 21 ) 


lim 

x-\t 


zyi'^i(x)zyi*i(x) 

v{x) 


= 0 . 


To this end we introduce the linear space 


(M+) = |/ G C°° (M+); V/ G N, r^q) < x and Supp/ = [0,r]| , 

where 


(8.22) r/ = sup{0 < x < r; /(x) = 0} G [0,r] , 

and prove the following. 

Lemma 8.12. If if & Moo \ Moo, 00 then u G (1^+)- 
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Proof. Since from Theorem l5.2H2aD . we have v € C°° we simply need to check that, for 

all n E N, r^(„) < r. From (j5.84p and the middle identity of (j5.85p on (0,r), we get, recalling 


that kn = ^ri = that, for all n E N, 


(8.23) 


= I - 


rz^i - 


(n) 


(-irE 


m=0 


(m + 1)! 

m 


X 


2+m 


E 

kn=n — m 


{n — m)\ (x X 


n-=rfe.! 


hn — h 


with vi the density of 17 -^^ and Tii^iu) = u(f){u + l) E AA((/i(l)) has associated Levy measure Hi. 
From Proposition IS.Spj) . ni(0’'') = n(0+) = 00 , and clearly ti = lim^^oo +1) = (t>{oo) = r. 
Hence [—— 1 = 00 . From Lemma l5.18lfT]) . for each n E N, there exists ah > \ such 

that, for all 0 < Z < n, > 0 on (y,a)j). Thus, from (I8.23h . r^(n) < r for all n E N, which 
completes the proof. □ 


Lemma 8.13. //'*/’ € -^oo \-^ 00,00 then for any i,j E N, we have 


(8.24) 


xtt ^{x) 


= 0 . 


Proof. We work by induction in i + j for the whole class (1^+)- When i+j = 0, for any / E 
(]R+) (|8.24ll reduces to lima-^^ fix) = 0 which holds since by definition (1R+) C C°° (K+). 
Assume ()8.24l) is valid for some n = i + j and all / E (]R+)- Consider i + j = n + 1. Then, 
by the L’Hospital’s rule 


(8.25) 


/W(a;)/L)(x) _ 5^* ^\x)g^^\x) 

™ fix) ~ gix) + gix) 


where g = f. Since g E (1^+) we see by the induction hypothesis that the limit to the right 
vanishes. This proves ()8.24p as 1 / E (M+) according to Lemma 18.121 □ 


Lemmas l8.1Ull8.l2] and [SrTH] conclude Theorem IS.llfTp in the remaining case, i.e. V' £ ■N'qo\-N'qo,oo 
We proceed with Theorem I8.1t(^ and the final claim of Theorem 18.11 


8.5. The case E A/"^. In this case we have that r < 00 and < 00 . 

Lemma 8.14. Let V’ E Then, for any A E (0,r), Fnix)l^x>A} integrable (resp. not 

integrable) on M+ if 0 < n < (resp. < n < N^, Nj > Ij. 

Remark 8.15. The case —= n depends on the slowly varying function appearing in (I8.26p . 


Proof. From Theorem 15. 2l!Pcl) . we deduce, after expanding the right-hand side of (|8.16l) that, 
for any n = 1 ,..., N^, 


(8.26) 


Fnix) ~ C,- 


/’")(x))^ 

i/(x) 


r n(0+) n 1 

I{x<r} ~ ^(r - x) t " H{x 




where Cr, C > 0 and I a slowly varying function at 0. This completes the proof. 
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Note that always Vo = 1 G Next, we assume first that Nr = — 1 > 1 which 

implies that if re € N and re < then n G N 2 , see ()8.13p . Then, Lemmas 18.101 and 18.141 

give that Vn € L^(re) for any 0 < re < Also, Lemma [8.141 shows that Vn ^ if 

2^^ < re < Nr, Nr > 1. Assume from now on that re > Nr + 1 > — i and Nr > 0. Then 

necessarily, from Proposition I8.8I|2]) we have re G N 2 and hence Wn ^ L^(M_|_). The latter may 

be due to either is not measurable and in this case the proof is completed since from (j8.2p . 
2 

V^ = or the measurable function is not integrable i) on an open set E C (0,r) with 
0, r ^ -E or/and ii) at r or/and iii) at 0. If i) holds then, since re > 0 and continuous on (0,r), 
see Theorem l5.2tfTp . then plainly Wn ^ L^(M_|_) implies that Vn ^ L^(re). If ii) holds, then since 
from Theorem I5.2I|2^ 

re(x) ~ C(r - x)^^-^l{x - 

where C > 0 is throughout generic and I a slowly varying function at 0. Then, assuming first 
that Nr = I" — 1 > 1 leads to > 1 and hence there exists C, A > 0 such that 


||Vn||^ > [ dx + C [ Wn{x)dx > C [ Wn{x)dx = 00, 

Jo Ja Ja 

which gives the statement in the case Mx > 1 - 

The case iii) is dealt with as follows. Since Wn 0 L^(M_|_) then from Proposition 18.8I![^ we have 
that even x i-A- xwn{x) 0 L^(M+) and if x i->- x'^Wnix) fails to be integrable at 0 then Lemma 
(IS.lOp furnishes that Vn ^ L^(re). Otherwise, clearly, at least case i) and/or case ii) must be 
valid for Wn and hence Vn ^ L^(re). This, completes the proof of Theorem [8T]j2]) . Next, we 
discuss the final claim of Theorem 18.11 The claim Vn G ((0,r)), re < Nr, follows from 

Proposition I8.8l!l2p . (|8.2p and re > 0 on (0,r), see Theorem 15.2IIT]l . 


We close this Chapter with the following additional properties of the adjoint intertwining 
operator. 


Lemma 8.16. Let 'll; G JV^o- 

(1) Then Ran(Xp = L^(e) and Ker(X^) = {0}. 

(2) For any a G (0,1) we have that Ran(X 0 )j^ 2 (p^) = L^(pq,) whereas when ij: G AZ/o with 
rre = 0 and 4>' (O'*") < 00 , this extends to a = 0, i.e. to L^(M+). 


Proof. From Theorem l8.1lfT|l and ()8.4[) we have, for any ip G AZ/o and re G N, V^ G L^(re) 
and T^Vn = En- Hence, Span(/ln) = L^(e) entails that Ran(Xp = L^(e) and Ker(X 0 ) = 

Ran(Xp"'' = {0}. This proves item ([T|). Next, let us consider, for any /3 > 0, the power series 


(8.27) 


fh{x) 


,/3 W,j,{n + 1 + / 3 ) 

^r(re + l + /3)re! 


= x^fisix). 
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From ( 12.20p and Proposition |13]|3]), we get that lim^^oo = lini„^oo = 0- 

Thus, fjs is an entire function. Clearly, from Theorem 16.111^ VF^ G FI(o,cxd) and hence 


(8.28) 


Mf^iz) = r(z) 


{-Z + 1 + /3) 
T{-z + l + P) 


€ ^(o,l+/ 3 )- 


To show that is the Mellin transform of we proceed as follows. First, for any n G N, 6 G 
M, the recurrence relation of the gamma function yields 


F (—n — ^ + ib) 

1 

T [n + ^ + ib) 

F (n + 1 + /? - z6) 

Yl^lo\-^ - h + + ij\ 

F (^n + ^ + /3 + ib^ 


Then, from the latter and [JH (2.1.16)] applied with z = n + ^ + ib we get uniformly for b G 


F (—n — ^ + ib) 

<< 

1 

1 

F (n + 1 + /3 - z6) 

- T-r2n 

1 lj=0 

—n — ^ + ib + j 

n + i + z6p-+/^ 


< 




F^ (n — ^) |n + I + i6|^+^|n — ^ + ib\ 


Moreover, from ()6.5I) . Wip is a Mellin transform of a nonnegative random variable and therefore 
\W^{n + ^ + /3 + ib)\ < n + I + /3). From the estimates above and the fact that in 
(I8.28D extends to a meromorphic function on C(_oo,o]) obtain 


(8.29) 


Mb { —n — - + ib 


< C 


bF</i (^ + i + /^) 


F2(n-i) \n + \ + ib\^M\n - \ + ih\' 


Since /3 > 0 the right-hand side of (18.2911 is integrable along any line —n — | + i6, n G N. 
Inspection of the steps above shows that similar integrable bound for |A1/3|, whose proof is 
based directly on the decay of 1F<^ since = oo > 2, see (lOD . holds even with n = — 1. 
Therefore, by Mellin inversion, a shift of contour and an application of the Cauchy Theorem, 
we get, for any M G N, that for some function h : M+ i—>• M 


hix) = 


-f 

iTT y_< 




(8.30) 


27r 
M 

^ F(n + 1 + /3)n 

n=0 ^ ^ 


+ ib] db 


W^in + 1 + P) 


) 1 r 




Mfs (-M - - + ib] db. 


To conclude that h = fp, see (I8.27F it remains to show that the very last term vanishes as M —>■ 
oo. First, we invoke (15.21) and Proposition I4.1l![3]l to check that for large M IF,^ (M + | + /3) < 
^i/ 2 gM(inM+in(T +o(i))^ Second, the Stirling asymptotic (j9.8p yields F^ (M + , 

Hence, for any fixed a: > 0 


, m '-Iv(v + I + /3) 

r2 (M + y 


< lim = 0 

M^oo 
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and using (|8.29p the integral in (I8.30p goes to zero as M —>■ oo. Thus, M/s is the Mellin 
transform of and 


Mf. 


1 r(^ + ib)W4l + /3 - ib) 

2+‘V =- r(i + ,?-ii,) - 


From the asymptotic estimates (19.7p for thegamma functions combined with (15.3p with u = 2, 
since = oo, we get that, for |6| large enough, |A^^(l/2 + ib)\ < C\b\~^~‘^. Thus, for any 
/3 > 0, |A^^(l/2 + ib)\ G L^(M) and from the Parseval identity for Mellin transform, see (|1.39p . 
we deduce that G L^(M+). Choosing /3 = a/2, a G [0,1), then fa/ 2 {x) = x‘^^^fal 2 {x) and 
therefore fa /2 G L2(Pa)- For A,x > 0, set fa/ 2 ix) = /q/ 2 (Ax). Then G L^Ppa) since 
fa /2 ^ L^(pq). By dominated convergence, one shows using (|8.27l) and Proposition 16.81 that 




\n=0 


W(p{n + 1 + 

r(n + 1 + a/2)n\ 


-l)'^(Ax 


.n+a/2 I _ 






= (Ax)"/^e =Pa/2(Ax)e 


—\x 


Hence ^ and V-a/ 2 ^/>fa /2 ^ L2(]R+). Since, with e_x{x) = e x > 0, the 

linear hull of {e_A, A > 0} is dense in L^(M+) andX^ G B(L^(pq,)), a G (0,1), see Lemma [83tfTIl . 
we get that Ran(X(^)j^ 2 (p ) = L^(pq,). Finally, when ^ Af with m = 0 then G B(L^(M+)) 
and this shows that in this case Ran(X(^)L 2 (]K_|_) = L^(M+). □ 
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9. Uniform and norms estimates of the co-eigenfunctions 


With the aim of characterizing the domain of the spectral operator, we continue our study on 
the co-eigenfunctions by focusing on their asymptotic estimates for large n considered in differ¬ 
ent topologies. We emphasize that the problem of estimating the norm of Vn in L^(z^) for large n 
seems extremely delicate as one is dealing with a weighted Hilbert which, in general, should re¬ 
quire uniform asymptotic estimates for the co-eigenfunctions Vn{x). We point out that there is 
a rich and fascinating literature on uniform asymptotic expansions of the Laguerre polynomials 
which reveals already that this issue even in a simple case with explicit expression and several 
representation at hand is far from being trivial, see e.g. [95] and [96] for a thorough description. 
In this direction, we also mention our recent work where such uniform asymptotic analysis is 
conducted for some generalized Laguerre polynomials leading to the concept of reference semi¬ 
group that we elaborate in the next Chapter. We carry out three different approaches that 
give the bounds for Wn or Vn stated below, two are of complex analytical nature whereas the 


last one relies on probabilistic arguments. Recall that, with 0^ = 

|6|—^oo 

A/e = {'0 E Af; 0^ > O} and = {u < 0; (/>(u) = 0 or (^(u) = —oo} . 


Theorem 9.1. flj Let us assume that 'll: E A/e. Then, we have for any a > (or a > 0 
if i?i)(0) > 0 and = 0^, for any e > 0 and n large, uniformly on x > t). 


(9.1) 

(9.2) 

(9.3) 


X \Wr,\X) 


= O ( 


where we recall that T©^ = — Insin00. Therefore, recalling that Pa(a:) = x “, x > 
0, a E (0,1), we have, for large n, that 


Wr, 








Pa 


for any d^ < a < ^ in (|9.2p and d^ < a < in ()9.3I) . 

(2) Let if E A/q, i.e. ~ E (0,1), Ca > 0. Then the following estimates hold, 

(a) For any a > d^ and e > 0, 

(9.4) ^ = O , 


1 

where we recall that T^^^ = — In sin (fa) and V.y{x) = e~^^ ,x>0, 7 > l-|-a. 

(b) Recalling that = max 1 -|- where pa is the largest solution to the 

equation (1 — p) “ cos ^ arcsm(p) ^ have for large n and for any e > 0, 

llVnll^ = O . 


(9.5) 
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Remark 9.2. We point out that a better pointwise handle of Wn{x) in the scenario of item ([2]) 
is attained in (j9.19jl but this does not allow for the improvement of the norm estimate. 

Remark 9.3. To derive the estimates (19.5p . we resort to the Phragmenn-Lindelof principle. This 
approach requires that the asymptotic behaviour of u is characterized in terms of a conformal 
mapping forcing us to specialize to the class Ma- 


9.1. Proof of Theorem I9.1I|T]) via a classical saddle point method. Fix n G N, a > d^, 

—a ^ N and z = a + ib. As ■0 G Mq C A/’cxd,oo) then = oo, see and there exists a 

constant Ca > 0 such that for any 6 G M 

|A^v^(a + i5)| 


(9.6) 
with 00 G (0 


) 2J’ 


see Theorem 16.2H2bl) . Note that (I8.12p gives the Mellin transform of Wn 


r(n + l)r(2; — n)' 

Since G see Theoren i6.11l3]) . then plainly Ad«,„ G A(^d^^ao)- Thanks to (19.6p and 

Lemma 15.221 with Nj = oo, Mellin inversion, see (11.3611 . yields, for x > 0, that 


Wnix) = 


(-1)" f 

2vri Ja 


n /•a+ioo 


r(z) 


r(n + i)r(z — n) 


MvAz)dz, 


and, since for the integrand |/(a + i6)| = |/(a — i5)|, we get that 

|r(a + ib)\ 


|w'n(a;)| < Cx “ 


|A4y, (a + ib)\db, 


Jq r(n + 1) |r(a + - n)|‘ 

where throughout C stands for a generic positive constant. Recalling the formula |r(a + 
ib — n)\ |r(n + 1 — a + i6)| = | sin( 7 r(a-n-^b)) | ’ uniform bound |sin(7r(a + ib))\ < 

together with the exponential decay in (I9.6|l we get, for any a > dtp, that 

/•OO IT/^ I 

\Wn{x)\ < Cx~°‘ 


|r(a + ih)\ |r(n + 1 - g + ib)| ^{^-e,-]b+o{b) 
r(n + l) 


Next, using the asymptotic relation (|9.7I) . we get, for any 0 < e < 00, that 

|w^n(a:)| < Cx “ / ' ^ ^4.+n^db. 

y_oo r(n + i) 

Hence, using m Lemma 2.6], we obtain, for large n, that 

oTilnn—n 


1—CL 


|'fi'n( 2 :)| < Cx “n 


sec - - 0^ + e 


r(n + 1) 

The Stirling approximation for T (n + 1) in (|9.8p shows that (|9.ip holds. To prove (|9.2[) it 
suffices to integrate (19. ip for a > ^ in a neighbourhood of infinity and to integrate ()9.ip for 
dp) < a < ^ in a neighbourhood of zero. Finally, it is trivial to extend our estimate (j9.1[) for 
a = 0. Similar arguments give (19.3p completing the proof of Theorem 19. llfip . 


For the convenience of the reader, we recall the following auxiliary well-known result on the as¬ 
ymptotic of the gamma function that was used in the previous proof, see e.g. m (2-1.8)]. 
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Lemma 9.4. For any fixed a € M 


(9.7) |r(a + i6)|22c,|6r-5e-5l'l, 
where Ca > 0. We also have the Stirling approximation 

(9.8) r(n + 1) ~ 


9.2. Proof of Theorem I9.1I|2|) via the asymptotic behaviour of zeros of the deriva¬ 
tives of V. We start with the following useful Lemma. 


Lemma 9.5. Let G N'oo,oo- Then, with the notation of Lemma \5.18l there exists a sequenee 
o-u = (dn = a~^ > 0)„>o, sueh that for any n G N, for any D G (0,1) and x > D~^dn+i > 0 


(9.9) 

(9.10) 



< 


ix^u{x))^^^ 


jjn \ 

VlJ (n!)VWx-V(xZl), 

( D^ \ 

V ij (n!)2e°("V (xD). 


Proof. Let ip G J\foo,oo, he. r = 0(00) = 00. Recall that (|5.84l) states ^{x) = x (x ^). 
Then, from (15.851) . we get, recalling the notation kn = kn = 



(- 1 ) 




E n\ 

kfi.k2l...kj. 

kn=n\kn=k 


5 ^d‘^\x ^). 


Next, we use the estimates (I5.39P applied to vi with 1/r = 0. Therefore, for x > {Don+i) ^ = 
D~^dn+i > D~^dk+i^ with D = and D G (0,1), 


[x < k\D^x^vi {{Dx) , 

and thus we obtain with p(n) the partition function, that, for all x > D~^dn+i, 


(9.11) 


(Ti(x ^))^”^ < (IT" V 1 ) (n!)^p(n)x {{Dx) . 


Thus, for X > D ^a„+i, from (|9.1ip and u{x) = x (x we get ()9.9p via 


z/(’")(x) < Ti{{Dx) ^ n+m ^ "" V l) ((n - Tw)!)%(n - m) 

< x~^iy{xD)D‘^ {D"' V 1 ) ^ f (m + l)!((n — m)!)^p(re — m) 

m=0 ^ ^ 

< x-^u{xD) fW V 1) (n!)2n2p(n) = x-'^v{xD) (D^ V l) {n\)^e°^^\ 
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where we have used the celebrated asymptotic formula p(n) ~ ^ Anji ’ found in 

. Similarly, for x > D~^an+i, using (19.111) again, we get, for n > 2, that 




< 


t/i ((ZJs)“^) ^ ^71^ (71-2)! {j^- 


E 

m=0 


mj {n — 2 — m)\ 


V 1^ ((n — m)!)^ p(n — m) 


„ —„ \ , / N X—^ (n — m)\ in — 2)! 

< D 77 (xD) (D V 1) n\p{n) ^ („_2- 7 „ )! 


m=0 
n —2 


< 


z/(xll)p(n)(n!)^ V l) ^ ^ < en{xD) ijT V l) (n!)^e°^"\ 


m=0 


which completes the proof of ()9.10p . When n = 1 a similar inequality holds. 

We are ready to prove Theorem I9.1I|2]) . Recall from Lemma 15.141 that 

K 


□ 


'k{y) = n\^J e^'^ds > yj , foT y > 0, 

with K defined in Proposition 15.101 and n, e,C in (|5.2.ip . Note that, for 0 < e < 1, 

r-C 


n(C >y) <n\^J e'^ds >yj=0 (n(C > ey )), 
where the first inequality is absolute since e<j > 0. For the second observe that 

(9.12) 


n 


( f e^'^ds > y\ < n [ sup e* > — Ine ] + n (C > ey ), 

\Jo ) \o<s<c j 


and, note that since V' £ C Moaoo then limn(C > ey) = (X), see Lemma [5TD|2]) , whereas 

y^O 

n (supo<s<^ Cs > — Ine) < oo. Next, recall, from p5.26p . that n(C > y) is the tail of the Levy 
measure associated to cj) ^ B and •il^{(l>{u)) = (p{u)cj) {4>{u)) = u, u > 0. Put ai = a + 1. 
Since V’ £ d/a, i^iu) ~ CaU°‘^ from a classical result, see e.g. m Proposition 1.5.15], we 

have (j){u) ~ and thus /?(y) = n(C > y) ~ “i . Since 'ijj € A/’oo,oo then 

r = oo in Lemma r5.18lfT]l and with an > Pn = sup{y > 0; K(y) > n} therein, we deduce that 
o-n > fdn^ n““L We also have, from p9.10l) . that, for any fixed D < 1 and x > 

{x'^v{x))^^'^ , 1 , . 

V 1 ) n\e°^'^^n{Dx). 


(9.13) 


Wn[X = 


< 


n\ 


{l-DY 


1 

Thus, recalling that V^{x) = , x > 0, with 7 > ai = a + 1, and, since an > n~°‘^ we 

can assume that for all n big enough to get that 


Jo R 




u^{x) 


= e°W||u;„|P. 


7 \ 
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Next, the bound (I9.13P with D = ^ and the asymptotic equivalent (j5.9[) for if; E Afa, yield for 
large n and with some generic constant C > 0 that 


r ^ 

Jn°‘l ^'ri 


-dx < 


1 




oo ,,2 (X 


{n\y 

poo 

< (nl? 

J n“i 


v^{x) 


■dx < 


n“l ‘"1 

oo 1 1 

—Cx oc -\-x 'y 


poo J.Z 

{nlf - 
Jn°‘l 


(!) 


(,t) 


dx 


n "1 
2 Sn a. 


dx < (nlje 2 




Therefore, 




Wr, 


+ o(l) and (I9.2P provides p9.4p . 


9.3. Proof of Theorem l9.1H2bp through Phragmen-Lindelof principle. This part aims 
to provide norm estimates of the co-eigenfunctions Vn in the weighted Hilbert space L^(z2) when 
"0 E Afa- The approach we develop here is based on the Phragmen-Lindelof principle which 
allows us to obtain precise bounds on a sector of the complex plane for the invariant density 
ly and its derivatives. In this vein we denote by 9i, the angle of analyticity of v, i.e. ly E A{6u)- 
We hrst state the following bound, which is an extension of (j5.46l) . 


Lemma 9.6. Let 4} E A/q. Then, for all n,k G N and a > d^j, (or a > 0 if d^i, = 0 and 
4>{0) > 0), we have, for all z E C(0^), that 


(9.14) 


<C{\aigz\)\z 


\n—k—a 


where C{\ arg z\) = C{n, k, a, \ arg z|) > 0 is increasing in \ arg z\ for fixed n, k, a. 


Proof. Recall that since E Afs then v E from Theorem 15.2115]) . and, from Proposition 

I6.1t|^ combined with the upper bound in (|6.46l) . that, for all e > 0 and a as in the statement, its 
Mellin transform is for large b, |A4y^(a-f i6)| = |IT<^(a-f i6)| = O This enables 

to use the inversion formula (|1.38l) . to get that for all n, /c E N, a as above and x > 0, 


(x"'iy(x)) 


(k) _ 


(- 1 ) 


k pa+n—k+ioo 


(9.15) 


2'Ki 

(-1)^ 

2'Ki 


L [ 

^ Ja 


a+n—k—ioo 
a-\-ioo 


X ^{s — k)k M.vAs + n — k)ds 


^n—k 


pa-\-ioo 

/ x“^(s - n)A; A4y^(s)ds. 

J a—200 


Let now z E C(00) and choosing e > 0 above such that = 0^ — e — arg z > 0, we get that 


ra-\-ioo 


z ^{s -n)kAAvJs)ds 


< 


l^.!—a foo 

- / \{a + ih — n),\e~^^'^^'^dh < oo. 

27r 


The upper bound ()9.14p is then easily derived by means of this latter bound combined with 
an obvious extension of the identity (|9.15l) . Finally, the monotonicity in | argz| of = 

|z|-“el ^■'■§^11^1 yields the same property for C{n, k, a, \ arg z\) for fixed n, k, a. □ 


We proceed with the following estimates. 
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Lemma 9.7. Let V’ G -Lfa, *-e. ipiu) ~ CaU°‘~^^,Oi € (0,1). Then, for any n > 0, z & C , 

we have that for any 0 < e < ^, there exists C = C{e,n) > 0, such that with Ca = aCa “ 


(9.16) 


(1 + z) 


< Ce-^' 


cos{^+e)\z\ 


X 

a 


Proof. We first consider the case n = 0 and we set, for 0 < e < f and x > 0, 

V,{x) = u{l + x") e,(x) = u{l + x“) 

Then, the asymptotic bound (|5.9I1 entails, that, for large x > 0, 

|K(x)| = (1 + x“) e,(x)| < e-c.(l-cos.)a;+o(x)^ 

Therefore since v G Co(M+), see Theorem I5.2tj2ap . there exists a constant > 0 such that 


(9.17) 


sup 114 ( 2 ;)I < Ce- 

x>0 


On the other hand. Theorem I6.2t 2(b)ii) implies that G Mq with 00 = and, thus thanks 
to Theorem 15.211511 . u G A{^a). Hence, I 4 G . If G C with arg = | — e, then 

1 + G C(a|). Thus, estimate ()9.14l) applied to (1 + T“) with a > 0, A: = n = 0, yields 


(9.18) \Kiz,)\ = \jyil+^)e,iz,)\ = \i^il + zf)\<CJl + zf\-‘^ <C,, 

where (f — e) , (f — e) > 0. Therefore, we deduce from the bounds (I9.17P 

and ()9.18p that the function I 4 is bounded on the boundary of the sector 


(I - e) = |z G C; 0 < arg( 2 ;) < | “ e} . 

It is obvious, again from estimate (19.141) . that, for any z G C+ (^ — e), we have that 


K(^)| 




< (Jg^aCOs{a.TgZ + €)\z\ 


where C = C(a,a (f - e)) > 0. Thus |I4(z)| < ^6^=“for all ^ G C+ (f - e). Since, 

clearly for any 0 < e < 5, 1 < an application of the Phragmen-Lindelof principle, see 

_ ^ 2 ^ 

e.g. [97], yields that, for any z G C"*" (f — e)) 

|i4(z)i <a 

where C, = max(C„ C^) > 0. Thus, for any z G C+ (f - e), |z 2 (1 + z")| < 0,6"^“ 
and we conclude that 

(1 + ^)1 < 

The case argz G (— (f — e) jO) is identical. This proves the statement for n = 0. The case 
n > 1 follows similarly using the asymptotic equivalent (15.91) valid for for all n > 1. □ 


Our next lemma gives the bounds to complete the proof of the estimates in Theorem l9.1H2bl) . 
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Lemma 9.8. Let ■0 € A/’q,. Then, for every x > 2, we have that for any p G (O,arcsin (fa)), 
e > 0 and n > 0, there exists C = C{p,e) > 0 such that 


(9.19) 


\w. 


,(x)| < CK(x - 


.. .. _ 

where Rp{x) = 1 + - + and Ca,p = (1 - p) “ 


COS 


arcsin(p) 


+ e • 


Proof. Recall that since ip G Afa then u G .4. (fa). Then, with p G (O,arcsin (fa)), an 
application of the Cauchy integral representation yields, for any x > 1 and xi = x — 1, that 

(x"'i^(x))*'’^^ 


\Wn{x)\ = 


CMC) 


-dC 


< 


\x + pxil 


sup 


^rir^n - 

P 6>e[0,27r] 


1 + xi 1 + pe 


je 


n\ 2m / (C - 

where the integral is over the circle C = {z G C; |z — x| < pxi} C C (^). Next, observe on 

n 

< Rp{xi) and, on the other hand that 
z/("l + xi ("l + pe*®')') < sup |z /(1 + z)| < sup |z/(l + z)| 


the one hand, that 


sup 

6»e[0,27r] 


zGC 


p,Xl 


where C C Cp^^i = {z G C; 3ft(z) > (1 —p)xi and | argz| < arcsin p}. To complete the proof, one 
bounds the last term by means of estimate (j9.16p with |z| = (1 —p)xi and arg z = arcsin (p). □ 

We are now ready to derive the bound Theorem 19.lH2bP . To this end, for any 4 > 2, n G N, we 
write Vn(x) = Vn(x)I{o<a;<yi}+1^n(a^)I{x>U} =]lnMTVn{x). Next, choose p G (O, arcsin (fa)) 

such that (1 — p)a cos i for some h G (O, ^), and e > 0 small enough such 

that (1 + 2h) cos (e) — (1 + e) — sin (e) > 0. Since from ()5.9p there exist Ca > 0 such that for 

X > A, v{x) > Ca x > A, the bound ()9.19p combined with an expansion of 

cos(x + y) gives, for some C = Ch,e,A,p > 0, that 




Since 


W^(x) ^^ ^ CR^"-(A - 1) (2(l-p)“ cos (^^!^S^+hj+il+e)'j 

Ja ’^(x) - p ’ 

roo _ j_ 

< CRf^iA - 1) / e-'^Ax-l)^ai+2h)cos{e)-{l+e)-sm{e))^^ < C'R^J^{A - 1), 

J A 

Rp{x) is decreasing in x. Thanks to ()9.ip . for any x > 0, a > and e G (O, fa). 


dx 


wl{x) = O n 


,l-2a 


sin ^-^a — e 


—2n 


„—2a 


where recall that d(j, < 0, see (I1.19|] 
z/(x) > Cax‘^ and henceforth 

A wl{x) 


yields that for x < 4 and any a = — d^+e. 


z/(x) 


-dx = O n 


A-2a 


TT 

sm I —a — e 


—2n 


f 


^—2d^—2e-\-d^ — e(j^X 


as long as e < 1/3. Therefore, we conclude in this case as well that 

—2n^ 


\L.n\ lii = O ( sm ( —a — e 
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Combining the estimates for ||n„||y and ||n„||^ we complete the proof of ()9.5I) . 
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10. The concept of reference semigroups: L^(u)-norm estimates and 

COMPLETENESS OF THE SET OF CO-EIGENFUNCTIONS 


We develop here the concept of reference semigroups whose main underlying idea can be ex¬ 
plained as follows. It consists in identifying gL semigroups P which satisfy the following two 
criteria. First, their special structure permits to study their spectral decomposition in de¬ 
tail. In particular, one has accurate information on their sequence of co-eigenfunctions such 
as precise norm estimates and completeness. Furthermore, there should exist a subclass of 
gL semigroups such that for each element P in this class we have the adjoint intertwining 
relation P^A* = A*P^, where A* is the adjoint of a bounded operator. Indeed, under these 
conditions one has, with the obvious notation, Vn = A*V„, providing readily the existence as 
well as bounds of the norms of Vn in the L^(u) topology. Another delicate issue that is of 
great interest concerns the completeness properties of the sequence (Vn)n>o- Assuming that 
this property holds for the sequence of co-eigenfunctions of the reference semigroup P, one may 
deduce this property for (Vn)n>o as soon as the bounded operator A* has a dense range. Al¬ 
though this approach may be extended to more general classes, we present below two different 
reference semigroups, namely the one-parametric class of self-adjoint Laguerre semigroups and 
the two-parameter family of Gauss-Laguerre semigroups whose detailed spectral analysis has 
been conducted by the authors in [80] and are reviewed in Example 13.31 above. In particular, 
this approach enables us to deal with the spectral expansion in the full Hilbert space of the 
perturbation class A/p, that is when cr^ > 0. It is worth pointing out that one of the main 
technical difficulty in implementing this approach is to identify intertwining operators which 
are bounded in the appropriate Hilbert spaces. One of the key steps in achieving this aim is the 
new development on Bernstein functions presented in Proposition 14.41 namely that a subset 
of the cone of Bernstein functions is invariant under multiplication. Recalling the notation 
Cn(a) = ^ € N and a > 0, we are now ready to state the following. 


Theorem 10.1. (1) Let "0 G A/p. Then, for any e > 0 and large n, 

(10.1) liVnII. = 0(e^"). 

If in addition n(0''') < oo then, recalling that m = I ^ have for large n, 

(10.2) ||V„||, = 0(ni^), 

and the sequence (a/ Cn (lIi)Vn)n>o « Bessel sequence in L^(u). Finally, if —dtp > 0, 

then for any e > 0 such that = —ds — e > 0, the sequence ( ) is a Bessel 

y^Ud.)Jn>o 

sequence in L^(u). 

(2) Let V’ G Na,m with (Q;,m) G 91 = {(Q;,m); a G (0,1] and m > 1 — ^}. Then, for large n, 
with Ta = — ln(2“ — 1), we have that 

(10.3) liVnII. = 0(6^“^^). 


(3) Recall from (ll.34p that Ma% = {V' ^ dtp < 1 — ^ 

A/pUA/’a,m- Then, Span(Vn) = L^(u). 


and assume that ijj G 
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The rest of the chapter is devoted to the proof of this Theorem and is structured as follows. 
Estimates (jlO.ip and (jlO-.Sp are settled in ll0.1.2l the completeness of Vn, i.e. item ([2]) is proved 
in 110.21 estimate (I10.2p and the succeeding claims of ([T]) are proved in 110.1.11 


10.1. Estimates for the norm of Vn- 


10.1.1. The small perturbation ease. Recall that, for any a E (0,1] and tn > 1 — ^ 

R T{au + am + 1) 

^ m(^) — tTT-^\ ^ ? 

^ r(att + am + 1 - a) 

see (11.151) . and, put Note also that, for any 2 ; E 

(10.4) 


r(a2; + am + 1) 

W^R (2 + 1 ) = ^—-— 

r(am + l) 


Lemma 10.2. Let p) E A/p with n(0''') < 00 . Then, for any m > m = ^ , 4>miu) = 

E B. With V(f,^ (resp. £m) denoting the Markov operator associated to the variable 
(resp. y^pu), we have the following factorization of multiplicative Markov operators 

(10.5) = V^. 

Moreover, E B(L^(p), L^(em)), £m{x) = ^~^dx, x > 0, and the following intertwin¬ 

ing relation 


( 10 . 6 ) 


= v^^Pt 


holds on L^(p) for all t >0, where )t>o is the classical Laguerre semigroup of order 

m, see Chapter\^ Consequently, the sequence (■\/cn(m)Vn)n>0j where c„(m) = ? is 

a Bessel sequence in L^(i/) with bound 1 and for any n> 0, 


(10.7) 


1 < WVnWy < CnHm) = O (n^) . 


Proof. Note that (/>m E R is given in Proposition 14.41 Next, observing, from (jT.lOp . (j6.3p . 
(I10.4P with a = 1 and E (n + 1) = 0^=1 that for any n > 0 with Pn{x) = x”’. 


£..v<f>r„Pnii) = e[v;Je 


VI- 


r(n + 1 + m) -p-j- (p(k) _ , 1 ^ 1\ 

J.J. 1 1, — 4“ 1 ) — y^ppniv 1 


r(m + 1 ) m + 

k=l 


we get factorization (jl0.5|) by moment determinacy of the involved operators. Replicating the 
bound (I7.22|) in the proof of Proposition ITTI we get that E B(L^(p), L^(em)) and V</,„, is a 
contraction. To prove (jlO.bp note, with the help of (13. 8p and (I7.7p . that 


(10.8) Vp,Mx) = 


E 


VI 


il) 


k=0 


W^{k + 1) 




k=0 


r(m + A; + 1) 
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We refer to Example 13.11 in Chapter [3] for a detailed description of the Laguerre semigroup of 
order m > 0. Then, from the eigenfunction property of Vn, we have, for any t,x > 0, 

V^^PtVnix) = = e-"*c4m)4'")(x) = Q4c4m)4'")(x) = 

Since is moment determinate, see Theorem 16.11 we have Span(P„) = L^(z^), see [T]. Thus, 
the intertwining (I10.6P holds on a dense subset, and, by continuity of the involved operators, on 
L^(z^). Finally, repeating the computation (18.51) with (110.61) and using that is self-adjoint 

with coeigenfunctions , see Example 13.11 we deduce, with the obvious notation, 

V / n>0 

that — 1^n(^)* The last relation concludes that the sequence ('\/C 72 (tTi)T 7 i) 7 i>o is 

a Bessel sequence and that (I10.7P holds by replicating the computation (|7.25p and utilizing 
that (y^C n(tn)£4)n>o is an orthonormal sequence in L^(em), G B(L^(em),L^(i^)) is a 
contraction and m > m. □ 


We proceed by an additional factorization of the entrance law. It will be useful for getting 
a better upper bound for the spectral operator norm and also later in this section to prove 
completeness of the sequence of co-eigenfunctions. Recall that £m{x) = x > 0,m > 

0, and Smf{x) = E [/ (xOm)], with simply £ = £q, is the Markov operator associated to e^, 
that is the gamma random variable with density function Let 

poo 

(10.9) 2,afix) = / f{y)y'^e~y^dy 

Jo 

stand for the weighted Laplace transform with weight o G M and write simply £ = Tq- 


Lemma 10.3. Let ip G with —d^ > 0. Then, for any e G (0, —dfj,), writing d,. = —d^ — e > 0, 
we have that (j)d^{u) = G B. For every function f : M+ i—>■ M and x > 0 such that 

Bde\f\{x) < oo, we have that 


(10.10) £dj{x) = V^I^^Jix) = Z^^y^f{x), 

9x{v) = V-ipfixv) is idXx)dv—a.e. finite, where is the density and 


(10.11) £dJix) = / fixy) 


f 


y^‘e 


-y 


T(d, + 1) 


dy = X 


-i-d. 


fiy) 






r(d,+ 1 ) 


dy = 




r(d. + 1 ) 


All claims above hold with d^ = 0 if d^j, = 0. 


Proof. Since G M with —d^ = — sup{u < 0; (p{u) = —oo or (p{u) = 0} > 0 then m = 0(0) > 
0, 0 > 0 on (4,0) and thus, for any e G (0, —dfi), the mapping u i—>■ 0(u) = (j){u — d^) G B 
since ^0) = 0(—d^) > 0 and clearly 0' is completely monotone. Hence, ~ 

+ dg) G B, see Proposition 14.11!^ . On the other hand, as, for all n > 0, (n -|- 1) = 
OLi deduce that 

fi\ “t“ dg “t“ 

44d.Pn(a;) = ' W^(n + 1) Pn(x) = ' Pn(x) = £d,Pn(x). 

W + 1) 1 pdf Ij 
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The latter by moment determinacy completes the proof of (|10.10p since we conclude that 




r(d, + i) 


f 


dy 

- id, (y) —• 

yj y 


All other claims, by a Fubini argument, follow via the classical decomposition f = — f- 

provided that Td,|/|(a^) < oo, for some x > 0. The case = 0 is the same. □ 

Lemma 10.4. Let ^|J G A/p with 11(0'’“) < oo. Then —d^ € [O, p-] with —d^ = ^ only when 

11(0''') = 0. Moreover, if —dtp > 0, then for any 0 < e such that d, = —dp — e > 0, with the 
notation of Lemma \10.3l G B(L^(p), L^(edJ) and, the following intertwining 


( 10 . 12 ) 




holds on L^(ed,) for all t > 0, where = {Q['^^^)t>o is the classical Laguerre semigroup of 


order d^, see Chapter\^ Consequently, 


(d,)P„ ) , is a Bessel sequence in 

n>0 


Proof. The fact that —dp G [O, follows directly from Proposition I4.4IIT]) and (/> > 0 on 
{dp,0), see (11.1911 . By using the factorization (llO.lOp and following a line of reasoning similar 
to the proof of Lemma 110.21 and Theorem 17.31 we settle easily the claims. □ 


10.1.2. The large perturbation ease and beyond. 

Lemma 10.5. Let G J^a,m with (Q:,m) G 91 and 4’a,m('ii) = , • 

(1) Then, there exists a Markov operator associated to the variable such that 

the factorization of operators 

holds. Moreover, G B(L^(p), L^(eQ^m)) and the following intertwining relation 

holds on L^(i/) for all t > 0, where )t>o is the Gauss-Laguerre semi¬ 

group deseribed in Example \d.fA 

(2) Consequently, we have the following estimate, for large n, 

(10.13) ||V„|U = 0(e"'^“). 

In particular, if ip ^ Mp, then for any e > 0 and large n, 

(10.14) ||V„||, = 0(e^-). 

(3) For any {a, m) G 91, J\fa,m C A/’e with < Qp < \. 
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Proof. Since ijj G Mami by definition, see Table [2] in Chapter [H the mapping u eG ^ ^' 
is completely monotone. Thus, according to [U Theorem 1.3], the sequence {an)n>o, where 
ao = 1 and a„ = 0^=1 ^a,m{k),n > 1, is a Stieltjes moment sequence, which entails that there 
exists a unique Markov operator „ such that, for n,x > 0, 


(10.15) pn(a;) = E 


VI 


Pn{x) 


W^{n + l)r(am + 1) 
r(an + am + 1) 


■Pn{x) 


W^jn + 1 ) 

W^R (n + 1 ) 


Pn{x) 


where we used for the last equality (|10.4n . From this characterization, by following a line of 
reasoning similar to the proof of Lemma 110.21 we easily derive the factorization of Markov 
operators, the continuity of the intertwining relation as well as its dual version. Es¬ 

timate (|10.13jl is deduced from the dual intertwining relation which yields in this case that 
||Vn||j/ = < ||V’n°'’'^^||e„,m = O , where the last bound can be found 

in Example I3.31(j3.1ip . For the second item, since according to Proposition I4.41|^ . we have 
for any V’ £ A/p with n( 0 ''“) = oo, that for any 0 < a < 1 , there exists m > 0 such that 
•ha.m = 0 ^ G B and hence is a Markov operator. We deduce (I10.14P from (110.13^ 

which holds for all a G (0,1) in this case and limcf^i Tq, = limQ, 0 i ln(2“ — 1) =0. The case 
"0 G A/p with 11(0'’') < oo was treated in Lemma 110.21 Finally, from (110.15^ . we deduce that, 
for any z G with (-m - ^), V$,_„p^(x) = Thus, 


since V(i>^ m is a Markov operator, we have for any z = a + ih with a > 


W4z+i) 


< 


vtT or equivalently \W^{z + l)\ < ^ 


W^{a+l) 


,R (“+!) 

Q:,m 




n’ R (•+!) 
Next, note that the ex¬ 


pression (|10.4I) combined with the Stirling approximation (19.7p yield that, for any a > — m — 
VF 0 Hm(® + ib + 1) ~ Ca > 0, and hence, from the condition (|6.46l) . we get 

□ 


that W^R 


G A/)|q, which completes the proof as from Theorem 16.2n2bp . we have 


10 . 2 . Completeness of {Vn)n>o in L^(p). We shall take two different paths to prove the 
completeness of (Vn)n>o in L^(p). The first one, when V' G JVp, i.e. > 0, is based on the 
factorization identity (|7.18l] which allows to derive a non-trivial injectivity property of the 
operator in the weighted Hilbert space L^(i/). As we can not show this property beyond 
this case, we resort to another approach for the case ip G A/p \ A/p, for which an analytical 
extension property for the Mellin transform of the invariant density is needed. However, we 
stress that both approaches stem from the concept of reference semigroup as they require the 
precise estimate of ||Vn||i/ derived in the previous section. 

10.2.1. The case ip G A/p. We split the proof into several intermediate results. We start with 
a general statement, that will also be used later in Chapter 1121 which provides, in particular, 
pointwise bounds for \wn{y)\ which depend solely on the analyticity of u. 

Proposition 10.6. (1) Let v G M(0) with 0 G (O, , i.e. v is analytie in C(0) = 

{z G C; I arg 2 :| < 0}. Then, writing 3 = and T© = —Insin0, we have, for any 
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2 / > 0 ; that 

1 / \ oo 

(10.16) ^ 

' ^ n=0 

where we recall that dc/(x) = f{cx). Moreover, for any t > Tq, y > 0, there exists 
F{y, t) > 0 such that, for any n > 1, 

(10.17) \wn{y)\<F{y,t)e^^. 

Finally, as a function {y,t) i— F{y,t) is locally uniformly bounded on M+ x (r©,oo). 

(2) Let fj G A/p. Then, for any f G L^(p) and any \z\ < 1, 

OO 

V^f{l-z) = ^{f,Vn)uzr 

71=0 


Proof. Let 0 < 0 < 0 and let C = Cy{y sin 6) be the circle with centre y > 0 and radius 
ysin0 < ysin0 enclosing the ball C. Then C C C(0). Thus, for any y > 0 and , we have 
3 y G C if and only if \^z\ < sin0. Choosing such z, for any y > 0, using twice Cauchy’s theorem 
over C, we get, for any M G N, that 


M 


M 






- 2 : = 


71=0 


71=0 


ni 


1 

27ri 


M 



1 - 


C-y 


M+T 


71=0 

HO 


CMO 

iC-yT^^' 


dC 


dc 


= h 0^ (y) - 


2TTi 


zC ' 

c-y. 


j C-iy 
HO 


C-iy 


dC, 


where 


f = I {y) merely because jy G C. However, if furthermore, 

< 1, C £ C) and letting M tend to oo we conclude (llO.lOp for \z\ < 


then 




C-y 


\z\ < 

sin 6 


sin 9 
l+sin6> 

Next, 


l+sin6» 

since u G .4(0) then 3 (y) is analytic for \z\ < e~'^^, that is when |arg(y 3 )| = |arg( 3 )| < 0, 

and the convergence of the series 'YOO=o'^Hy)^^ extends on this region via (llO.lBj) . Then, 
(jlO.iyp follows by trivially estimating the representation 


HHy)\ = 


1 


(y) 


yU+l 


dz 


over the circle Cq (e *) , t > Tq. The final claim of the first item follows since u G .4(0). 
When if G A/p, i.e. cr^ > 0, (jlO.lbp holds with T© = 0 because thanks to Theorem 16.21 2(b)i) 
and Lemma 19.61 we have that v £ A (^), that is n is analytic in C(o,oo)- Moreover, the bound 
(jlO.141) yields that, for any / G L^(p) and any e > 0, 


\f{y)\\wn{y)\dy = ( 1 / 1 , |V„|)j. < ||/||i.||Vn||i. < 


142 

































Thus, we get by an application of Fubini’s Theorem that, for any \z\ < 1, 


V^/(l - z) 



f{y)v{iy)dy 



OO OO 

f{y) ^ Wn{y)z"'dy = ^(/, \>n)v 
n=0 n=0 


□ 


Before proving the main ingredient for the completeness of the sequence (Vn)„>o in we 

collect additional information. 

Proposition 10.7. Let -0 G Mp and fix x ^ (O, 2(t^). If d^ = 0 then for any f G 
£\f\{x) < OO and if dfj, < 0 then, with de = —d^ — e, £d^\f\{x) < oo if e G (o, — 

Proof. Let fi G A/p, / G L^(p) and choose d* > 0. From (110.lip 

(10.18) £d*|/|Q^=y \f{y)\y'^*e-^dy <oo £a-\f\ix) <oo. 

Let 0 < i ^ + h, for some h > 0, that is a: G (O, 2cj^). Then 

( /•OO \ 2 poo poo 

J \f{y)\y^*e~^dyj < J f{y)e~^~’^^dyj < oo 

since from (jS.Sp v{y) ~ and / G L^(i/). From p > 0 on M+, see Theorem 15.2I|T]) . 

/ /■! \ ^ /■! /■! 7,2d* /■! ,,2d* 

2d* 

Since v{y) > Ca,iy~- where a < d^f,, see (j5.5p of Theorem 15.41 then < C~ly'^^*~^-. Putting 
d* = de = —drj, — e the last integral is finite if e G ^0, —and a is close to —d^. □ 

Lemma 10.8. Let fi G A/p and f G L^(p). If V.,pf{x) = 0 for any x G (0,2) then, for 
a.e. y>0, f{y) = 0 . 

Proof. Let fi G A/p with d* = 0 when 6 /^ = 0 and d* = de = —d^ — e, for some e G ^0, —, 
when dfj, < 0. Next, fix x < 2cj^. Therefore, from Proposition 110.71 we get that Td*|/|(x) < oo. 
Recall that </>d*('u) = (f>{u) G B, see Lemma [10.31 Since 'L G A/p then (f){u) ~ a'^u, see 

Proposition 14.1113]) . Hence, (f>d*{u) ~ a^u and we conclude that = a^. Thus, from (jlO.lOp 

1 

£d*f{x) = V^f{xy)t^^, {y)dy = 0 , 

Jo 

since id* has support on [0 ,it“^], see Proposition 16. Tlfip . and by assumption V^f{xy) = 0 when 
xy < 2(7^-^ = 2. Therefore, from (IIP.lip , for all x > 2,d*f{x) = 0. Choose xq > 

The same arguments as in the proof of Proposition IIP. 71 lead to f{y) = y^ e“^°^/(y) G L^(M+) 
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if / G Since for all x > xq, £/(x — xq) = Sld*f{x) = 0, the injectivity property of the 

Laplace transform £ entails that for a.e. y > 0, f{y) = f{y) = 0, which completes the proof. □ 


Next we finish the proof of the completeness of the sequence (Vn)n>o in L^(z/). Assume that 
/ G L^(z/) and {f,Vn)u = 0,Vn > 0. From Proposition 110.61 we deduce that V.^f = 0 on (0,2). 
The statement follows by invoking Lemma 110.81 and the fact that in a separable Hilbert space, 
the concept of total sequence and complete sequence coincide. 


10.2.2. The case V' G Assume that V' G i.e. = 0 and from (ll.Odj) . 'll; G 

’ll 

A/'o,m with dff, < 1 — ^ Recall that eQ,^m(x) = ^ r(am+i) —’ ^ Example 13.Op.lOp . 

To prove the completeness of the sequence {Vn)n>o in L^(i/), we argue as follows using the 
notation and results of Lemma llO.51 First, note that from V|,^ ^Vn ^’"\x) — ^ ^ 0; ttlGIl 

(Vn)n>0 c (L2(eQ,,m)). Second, Span(Vn“’"’^) = L2(eo,,T^), see [HOl Proposition 2.1 (2)], 

and G B(L^(eQ^n^), L^(z^)). Third, if Ran(V|,^^) = L^(i/) then classical approximation 

yields the completeness of (Vn)n>o in L^(z^). It remains to prove the latter. By linearity 
and density of the set of polynomials in L^(i/), it is furnished if there exist G L^(eQ,^m), 
for all n > 0, such that = Pnix) = x". We consider the following convolution 

equation. 


(10.19) V$„,m^n(a;) = y{x)pn{x). 

Following a reasoning similar to the proof of (j8.9p of Lemma 18.51 , we have, for a.e. x > 0 and 
integrable /, / = fea,m, that 

( 10 . 20 ) 




f f{xy)ea,mixy)Ua,m{y) — , 
Jo y 


with i'a,m the density of the variable We solve (llO.lOp from the perspective of Mellin 

distributions as described in Proposition 18.81 Henceforth, by means of Mellin transform of 
(I10.19P and the functional equation p6.6l) satisfied by W^p, that is Wp){z + 1) = (j){z)Wfp{z), one 
gets, for 3?(z) > = max(d<^, 1 - ^ - m). 




^ 

, , T-r , rpofz — a + am + 1) 
„(z) = (piz+j) --: 


where Wp(z + n) = x^ ^v{x)pn{x)dx and x^ V„,m(x)dx = W^{z) r(aria+am+i) > see 
(I10.15P for the latter. Thus, for any e > 0, a > and large |6|, since \4>{z)\ = 0(|2;|) for 
\z\ = \a + ih\, \h\ large enough and a fixed, see Propositioi fd. 1 l|3P . we have that 

\M.p (a + f6)| < \(j){a + n + f6)|”|r(a(a + ih) — a + am + 1)| < C'a,n|f^re~^ 

for some Ca,n > 0. Hence, by the Parseval identity for the Mellin transform, see (|5.42p . we 
have that there exists Fn £ L^(M_|_) a solution to the convolution equation (|10.19p above. From 
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(jin.20j) it remains to show that, for any n > 0, Fn = G L^(ea,m)- However, by Mellin 
inversion, we get, for all x > 0 and a > that 


Fn(x) = - 

^ ^ 27ri. 


ra+ioo 


-z r(az — a + am + 1) ^ 


W^z) 


r(am + 1) 


Thus, for all X > 0, a > and e < a. 


( 10 . 21 ) 


|Tn(x)| < Cx~ 


e^^^^\r{aib + (a — l)a + am + l)|d6 < CaX 


Moreover, after an obvious change of variables in [741 Lemma 2.6] we get that 

|T„(x)| < 

for some M > 0, e small and all x > 1. From this estimate and the notation eQ,^m(x) = 

"'"r(«m+ir ’ * > e L"(ea,m) if € < . For g L2(e„,^) consider 

(I10.2ip with e small enough that o = l — — ^ —e> Then F(^(x)e“^(x) < x"^’*"'^, x < 1, 

and thus, we deduce that G L^(eQ^n^), which completes the proof. 
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11. Hilbert sequences, intertwining and spectrum 


This part, which ends by the proof of Theorem 11.221 aims at establishing some interesting 
and new connections between three different concepts: intertwining relation, Hilbert sequences 
arising in non-harmonic analysis and spectrum of non self-adjoint operators. We present and 
prove several results, sometimes in a slightly more general context than the one of the current 
work. For sake of clarity, we proceed by recalling a few definitions that were introduced in 
Section m concerning the spectrum of linear operators. First, a complex number A G S(P) 
belongs to the spectrum of the linear operator P G B(L^(u)), if P —AI does not have an inverse 
in L^(u) with the following three distinctions. A G Sp{P), the point spectrum, if Ker(P — AI) 7 ^ 
{0}, A G Sc(P), the continuous spectrum, if Ker(P — AI) = {0} and Ran(P — AI) = L^(u) but 
Ran(P - AI) C L^(z/), and, finally A G Sr-(P), the residual spectrum, if Ker(P — AI) = {0} and 
Ran(P — AI) C L^(u). Clearly, S(P) = Sp(P) U Sc(P) U Sr.(P). Let A G Sp{P) be an isolated 
eigenvalue. Then its geometric multiplicity, denoted by 9Jtg(A, P) is computed as follows 

(11.1) 9 Jl 3 (A,P) = dim Ker(P-AI), 

that is the dimension of the corresponding eigenspace. Its algebraic multiplicity, denoted by 
9Jla(A,P) is defined by 

00 

(11.2) 911a(A,P) = dim IJ Ker(P-A/)*^. 

k=l 

Note that always Tlg{\, P) < 9Jla(A,P). Next, keeping notation similar to the rest of the 
paper, let us assume that there exists I G B(L^(e), L^(u)), such that for any / G L^(u), 

(11.3) Plf = IQf, 

where P G B(L^(u)) and Q G B(L^(e)) is self-adjoint. Moreover, we suppose that S((5) = 
Sp(<3) = (An G C)n>o and write (Pn)n>o for the associated sequence of eigenfunctions, with 
Span(£n) = L^(e). Although most of the results presented below may also hold in a more 
general settings, for sake of clarity, we focus on the conditions of the present work. We say 
that I is an intertwining operator. It is immediate that the adjoint intertwining relation holds, 
that is with I* G B(L^(u), L^(e)) the adjoint of X, we have that, for any g G L^(u) 

(11.4) I*P*g = QI*g 

where P* G B(L^(u)) stands for the adjoint of P. There is a substantial literature devoted 
to the study of intertwining relations. A natural problem is to understand how the spectral 
properties of an operator are preserved under such type of transformation. In our context, this 
issue is still unclear since without any additional assumptions one can find examples where 
the spectrum of one operator may not intersect the spectrum of the other one. A natural 
requirement is that the intertwining operator I is an affinity, that is a bounded operator 
admitting a bounded inverse. In such case, Q and P are called similar and the two spectra 
coincide. In this direction, we mention the recent paper of Inoue and Trapani |56j where it 
is proved that a closed operator admits a non-self-adjoint resolutions of the identity if and 
only if it is similar to a self-adjoint operator. There exists an intermediate notion, called quasi¬ 
similarity, that is when I G B(L^(e), L^(u)) is one-to-one and has a dense range, which was first 
introduced by Sz.-Nagy and Foias, see |94j . in their theory considering an infinite dimensional 
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analogue of the Jordan form for certain classes of operators; it replaces the familiar notion of 
similarity which is the appropriate equivalence relation to use with finite dimensional Jordan 
forms. However, two operators can be quasi-similar and yet have unequal spectra, see e.g. m- 
For normal operators this cannot happen: it follows from the Putnam-Fuglede commutativity 
theorem that if two normal operators are quasisimilar, they are actually unitary equivalent, see 
[451 Lemma 4.1], and therefore have equal spectra. Finally, we refer to [2] for a recent account 
of similar and quasi-similar operators. 

We are now ready to state the following relations between point spectra and multiplicity of 
eigenvalues, recalling that S{Q) = Sp{Q) = {Xn)n>o and we write {Cn)n>o the associated set 
of eigenfunctions. 

Proposition 11.1. Assume that the intertwining relation (|11.3p holds withi G B(L^(e),L^(i^)). 

(1) If for some n > 0, Cn ^ Ker{Z), then A„ G Sp{P). 

(2) Finally, if I is one-to-one with II = 1 then Sp{Q) C Sp{P) and for any n > 0, 
^g{Q, Xn) < TlgiP, Xn) and TlaiQ, A„) < TlaiP, A^). 

Remark 11.2. Note that it is possible that Sp{Q) C Sp{P). Indeed there may exist Pn G 
L^(i/) \ Ran(X) an eigenfunction of P associated to the eigenvalue A„ G C \ Sp{Q). 

Proof. Since by assumption Pn = 7^ 0, we deduce from (|11.3I) together with the linearity 

of I that 

PPn = IQPn = XnICn = XnPnj 

which completes the proof of the hrst statement. Both facts Sp((5) C Sp{P) and for any n > 0, 
Tlg{Q, Xn) < Tlg{P, Xn) follow by a similar line of reasoning and employing the fact that I is 
one-to-one. Finally, if for some n G N, there exists an integer p and Ln ^ 0 & L^(e) such that 
{Q — Xnl)^~^^Ln = 0 and {Q — Anl)^Ln 7^ 0 then, since X is one-to-one with with XI = 1, 
{P — XnI)^^^XLn = 0 and {P — XnI)^XLn 7^ 0, which completes the proof of the fact that 
^a{QAn)<Tla{P,Xn). □ 

The next result discusses the consequence of the completeness property of a set of eigenfunctions 
on the residual spectrum and on the (geometric and algebraic) multiplicity of the eigenvalues of 
the adjoint operator. Note that the proof of the latter result is based on a substantial property 
of biorthogonal sequences in Hilbert space that we had recalled above, namely that a complete 
sequence in a separable Hilbert space admits at most one biorthogonal sequence. We also recall 
that a sequence that admits a biorthogonal sequence is said to be minimal and a sequence that 
is both minimal and complete, in the sense that its linear span is dense in L^(z^), will be called 
exact. 

Proposition 11.3. Let us assume that there exists a sequence of eigenfunctions (Pn)n>o of P 
associated to the sequence of distinct eigenvalues (An)n>o such that Span(P„) = I?{v). 

(1) Sr{P) = 0. If in addition {Pn)n>o is minimal, then for all n > 0, A„ G Sp{P*) and 

ma{Xn,P*)=^g{K,P*) = l- 

(2) If for all n, XCn = Pn and for some n, Cn ^ Ran(X*) then Xn G Sr{P*). 
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Proof. Let us assume that there exists a complex number q G S^(P), that is P — ql is one-to- 
one but does not have a dense range. Since q ^ Sp{P), we have for all n > 0, {P — q'^)Vn = 
(An — q)Pn / 0, which yields to a contradiction as Span(Pn) = and proves the first claim. 

Next, for any n, m > 0, using that (Vn)n>o is biorthogonal to iVn)n>o and that Vn 7^ 0, we 
have that 

(11-5) {P*Vn — ^nPn,Pm)u = PPm)ly — ^n^nm = {^m — ^n)Snm = 0. 

That is P*Vn — AnVn G Span(Pn)''‘ = {0} since by assumption Span(Pn) = Thus, we 

deduce that An G Sp{P*). Assume now that there exists no G N such that Tlg{Xno, P*) = 2. 
That is there exists Vno £ such that Vn^ 7^ 0, Vn^ 7^ Vno and P*Vno = XnoVno- Thus, for 

all m > 0, we have 

(11.6) Xng {Pm j'V uq) u — {Pmi P — {PPm^'l^nQ)u — XmiJ^m i uq) u 

that is for some C G M, {Pm,Vno)u = C^mno- Note that we may choose Vno such that (7=1. 
Indeed as P* is linear, C ^ 0 because otherwise Vno = 0 as Span(Pn) = L^(n). Thus the 
sequence (un)n>o defined by Vn^ = ^Ung + ^Tng and otherwise Vn = Vn is another biorthogo¬ 
nal sequence to {Pn)n>o- However, as mentioned before the statement, this is impossible as 
Span(Pn) = L^(n) which implies the uniqueness of the biorthogonal sequence. Hence for all 
n > 0, Tlg{Xn, P*) = 1. Next, let n > 0 and note that if dim Ker(P* — Anl)^ = 1 then 
^a{Xn, P*) = limfc^oodim Ker(P* — Anl)^ = dim Ker(P* — Anl) = 1. Indeed, assume that 
there exists Vn G L^(n) such that (P* — Anl)^Hn = 0, then necessarily (P* — Anl)ln = 0, 
that is G Ker(P* — Anl), since the converse inclusion always holds, this gives the state¬ 
ment for k = 3. A recurrence argument yields the claim for all k > 2. Hence it remains 
to show that Ker(P* — Anl)^ = Ker(P* — Anl). To this end, assume that there exists 
14 7^ Vn G Ker(P* — Anl)^, that is since we have dim Ker(P* — Anl) = 9Jlg(A„,P*) = 1, 
(P* — Anl)14 = CVn for some real constant C 7^ 0. Thus 

{P*Vn,Pn)u - Xn{Vn,Pn)u = C{Vn,Pn)u. 

Using the eigenfunction property of Pn and the biorthogonality property, we get 

0 = Xn{Vn,Pn)iy “ Xn{Vn,Pn)iy = C ^ 0, 

which completes the proof of the first item through a contradiction argument. To prove the 
second item we assume that An G Sp(P*), that is there exists Vn G L^(z^) such that P*Vn = 
AnVn. Next, since ICn = Pn, for all n > 0, we easily deduce that I has dense range in L^(z/) 
and thus I* is one-to-one in L^(z^). Thus, we deduce from the intertwining relation (111.411 
and Proposition 111.11 that X*Vn = Pn which yields to a contradiction as it is assumed that 
Pn ^ Ran(P*). Hence An G Sp(P) \ Sp(P*) which implies that Ker(P* — Anl) = {0} with 
Ran(P* — Afll)"*" = Ker(P — Anl) 7^ {0}, that is. An G Sr{P*), which completes the proof. □ 

We complete this part with the following result which provides, in the context of intertwining 
relation, a set of sufficient conditions for the characterization of the point and residual spectra. 
Note that this type of condition seems to be weaker than the one appearing in the intertwining 
literature. Indeed, we are able to extract this information without the assumption that either 
the intertwining operator has a bounded inverse or the linear operators P belong to some 
special classes of linear operators. 
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Proposition 11.4. Assume that the intertwining relation (|11.3p holds withX G B(L^(e), 
Ran(X0) = L^(i/) and assume that there exists a sequence (Vn)n>o of eigenfunctions for P 
associated to the set of distinct eigenvalues {\n)n>o- If i'o addition the sequence ifPn)n>o 
is exact and its hiorthogonal sequence {Vn)n>o is complete, then Sp{P*) = Sp{Q) = Sp{P), 
Sr{P*) = SriQ) = Sr{P) = 0 and maiXn,P) = Tlg{Xn, P) = Tta{Xn,P*) = Ttg{Xn,P*) = 1. 

Proof. Since Ran(X0) = L^(z^) and thus Ker(Xp = {0}, we get, by means of the intertwining 
relation (lll.3p . its adjoint version (jll.4p . the minimality of ifPn)n>o and Proposition IIl.ll that 
Sp{P*) C Sp((5) C Sp{P). Moreover, as both sequences ifPn)n>o and (Vn)n>o are complete we 
have from Proposition 111.31 that Sr(P) = Sr{P*) = 0. Next, from the identity Ker(P — Al) = 
Ran(P* — Al)"*", we easily deduce the inclusions Sr{P*) C Sp{P) C Sr{P*) U Sp{P*), which 
provides that Sp(P*) = Sp{P) and completes the proof of the first two claims. Finally the last 
one follows from Proposition 111.31 □ 


11.1. Proof of Theorem 11.221 IVe recall that the item (jll) was stated m Theorem I7.3l!j2p 
and proved in that Chapter. Let now G N'oo- Then, from Theorem 18.11 we have that, for all 
n > 0, Vn & and the equation (18.4p in Proposition 18.41 entails that Cn = X^Vn- Hence, 

since from (j7.24p . Pm = X^Cm, m > 0, we get that 


(Pm,Vn}, = (X^£m,yn}, = 


{C.m,Cn), 


6 


nm 1 


which proves that (Vn)n>o is minimal. Its uniqueness property follows since the sequence 
{Pn)n>Q is exact which itself is a direct consequence of item ([T]). We complete the proof of this 
item (|2]) by means of item ([T]) combined with the fact that a sequence which is biorthogonal 
to a Bessel sequence is a Riesz-Fischer sequence, see e.g. m Proposition 2.3(ii)]. Assume 
now that ijj G Mp U Then, the claims of item ([3]) follow readily from the fact that 

Span(Vn) = L^(z^) which is found in Theorem llO.RjHll . For the last item (j4]), assuming first 
that V’ € Xf-, the inclusion £t C Sp{Pt) is given in Theorem l7.3tfT]) . whereas the last claim of 
(f4al) . i.e. Sr{Pt) = 0, is deduced from Proposition lll.3ltT]l . Theorem 18.11 fresp. Proposition 
lll.3lfT]l l gives the first (resp. second) claim of the item (I4bh . Item (j4cl) follows by combining 
the previous item ([3]) with Proposition 111.41 Finally, the last item (I4dh is immediate from 
Theorem 18.81 
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12 . Proof of Theorems 11.111 [T.17I and FI-ISI 


Let first '0 G M. Then the expressions of Vn as stated in (|1.2ip have been derived in Theorem 
l7.3lfT]) . Next, from the intertwining relationship (17.3p and the expansion ()3.2p of the Laguerre 
semigroup of order m = 0, we get, in the L^(i/) topology, that for any (7 € L^(e), t > 0, 

00 00 

PtX^g = X^Qtg=X^ Y,e-^Hg,Cn)e Cn = Cn)e Vn, 

n=0 n=0 

where the last identity is justified by the Bessel property of the sequence {Vn)n>o combined with 
{{g, Cn)e)n>o £ ^^(N), for any / G L^(e). Next, since from Theorem l7.1lfT]) X^ G B(L^(e), L^(i/)) 
and from Theorem I7.1l!f^ . Ran(X(^) = L^(i/), we have that its pseudo-inverse see (Tj p.234] 
for definition, is densely defined from L^(i/) into L^(e). Thus, for any / G RanpX^), t > 0, 

00 

(12.1) Ptf = /,/:„), K inL^u), 

n=0 

and, the two linear operators in ( 112 . 11 ) coincide on a dense subset of L^(z^). 


12.1. Proof of Theorem ll.llOl . We have here ijj G and in particular r < 00 . First, 
note that identity (112.1|) proves (jl.24|) of Theorem I l.lRf^ . Next, from (I7.13|) and the notation 
there, we get that, for all pGN and large n 


( 12 . 2 ) 



< ViP\-x) < nP+h^{nx) = O . 


Then, writing c|i(/) = (Xj, f,Cn)e, we get, with x G (0,iL), for any K > 0, any / G Ra.n{X^) 
and t > 0 


n=p 


00 00 

< C^nP+h-<^-^)ciif) < C^nP+^e-”(*-f)ct(/). 

n=p n=p 


where C > 0. Since, from the discussion above, (cn(/))n>o £ f^(N) for all / G Ran(X(^), we get 
that for all A:,p G N 


jfc OD 

= E(-n)‘e-"‘<!l(/) pW(i'), 

n=p 


where the series is locally uniformly convergent in (fj = |(t, x) G < rt|, which completes 

the proof of Theorem ll.llpp . 


12 . 2 . Proof of Theorem 11.1 itfT]) . We prove Theoren fl.llHlah for the domain 

(12.3) Vt=V^^L\u))UV^^{L\p^))UV^;JL\v^))UV^:^JL\u))U'i4^{L\i.)). 

We make the following observations first. For any f > 0 consider the linear space D(S't) = 
{/ G L^(i/); {Ptf,Vn)i, G f^(N)}. Let St : D(5t) 1 —)• L^(i/) be the spectral operator defined 
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by 


Stfix) = ^ {Ptf, Vn), Vn{x) = Y, e""* (/, Vn), Vn{x). 

n=0 n=0 

Note that Pt = St on Ran(X 0 ) C D(S't) and thus D(St) = L^(i/). Indeed, V’ £ J^oo implies Vn & 
L^(i/), n > 0, see Theorem 18.HfTIl with P^Vn = Pn- Then, for any / € Ran(X(^), (x| f,Cn)e = 

( /) and from (I12.ip . for any / G Ran(X 0 ), t > 0, 

CX) 

(12.4) Ptfix) = Stfix) = Y Vn)u Vn{x) in l?{v). 

n=0 

This incidentally proves (ll.20|] of Theorem ll.lipaj) for (Ran(X 0 )). Since Ran(X 0 ) = 
by the bounded linear transformation theorem, we get that Pt is the unique linear continuous 
extension of St in L^(i/). In order to characterize the domain of the spectral operator and show 
that each member of Pt in (jl 2 .,'ip is a subset of this domain, we present several methodologies to 
show that for some L a linear subspace of L^(i/) we have, for all / G L, {{Ptf, Vn)i/)„>o ^ 
and as a consequence Ptf = Stf in Although, we know that Pt = St on Ran(X^) and 

Ran(X 0 ) = L^(z^), it may not be trivial to show, even when Stf G L^(zz) for / G L, that St is 
also continuous in L^(i/) on this subspace. 

12.2.1. Hilbert sequence argument. Recall that if G Moo- The following statement holds. 

Proposition 12. 1. Write V-*“ = Span(Vn)''‘. Then, for any t > 0, PM^ C V-*“ and Ker(Pt) C 
V-*“ = Ker(S't). Moreover, if Span{Vn) = L^(i/) then Ker{Pt) = {0} and for any f G and 

t > 0 such that {{Ptf■,Pn)y)n>Q ^ we have that Ptf = Stf in L^(i/). 

Proof. If / G V-*“ then from (IS.ljl . we have for any n G N, {Ptf, Vn)i, = (/, Vn)y = 0 that 

is Ptf G V"*". A similar argument yields Ker(Pi) C V"*". With still / G V"*", we have that 

OO OO 

Stf = Y iPtf,Vn),.Pn = Y^~"' {fMn),.Pn = 0 G L^u), 

71=0 71=0 

that is V"*- C Kev{St). Next, let / G Ker(S'i). Then, as {Vn,Pn) n>o is a biorthogonal sequence, 
see Theorem 1 1.22 1I2P . we have, for any m > 0, that 

0 = (5J,V^), = e-™^ (/,V™),, 

that is Ker(5t) C V"*-. Assume now that Span(Vn) = L^(i/) and /, t are such that {{Ptf, Tn),y)„>o ^ 
f^(N). Since {Pn)n>o is a Bessel sequence, see Theorem 17.3l!l2p . then 

OO 

Stf = YiPtf,Vn),,VneL\n). 

71=0 

Thus, as {Vn,Pn)n>o is a biorthogonal sequence, we have, for any m > 0 , that 

{Stf,Vm), = {Ptf,Vm),, 

which provides the statement as in a Hilbert space the notions of complete and total sequences 
coincide, i.e. V-*- = { 0 } if and only if SpanpVn) = L^(z^). □ 
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12 . 2 . 2 . A density argument via the intertwining operator. As we can prove the completeness 
of the sequence of co-eigenfunctions for some classes and thus invoke Proposition 112. ll in this 
part we develop another technique, which relies on a density argument, to show that the two 
operators coincide on a subspace. More specifically, consider the Hilbert space L with norm 
||.||l generated by a non-negative measure on M'*' with density L and L C L^(i/) such that 
G B(L) with Ran(X(^)|| ||^ = L. Note that in this case L C L^(z^) implies that v is absolutely 
continuous with respect to L and the CII.H^, > H-Hi/, for some C G (0,oo). Assume further that 
for any / G L, we have, for some functions G L, that 

(12.5) (/, < II/IIl IIKIIl with IIKIIl = o (n“e"^) , 

for some T, a > 0 and n large. This implies that, for all t > T, {f,Vn)y)n>o £ ^^(N). 

Since {Vn)n>o forms a Bessel sequence with Bessel bound 1, see Theorem 17.311^ and (|7.25l) . 
then for all / G L and t > T, 

OO OD 

n=0 n=0 

where S : {cn)n>o G —)• Yl^=o^n'Pn G L^(z/), see (11.311) . is norm bounded by 1. We aim 

to show that Stf = Ptf ■ From the assumption Ran(X 0 )|| ||^ = L there is {fm)m>o G L such 
that limm^ooT(^/m = / in L. Putting for any n,m& N, g£ L^(i/), 

CnAa) = {g,Pn)^ , 

we have, from (112.4p . for all t > 0, and in particular for all t > T and m > 0, that 

CXD 

PtP^fmix) = ^ Cn,t{P4,fm) Pn{x) in L^(l/). 

n=0 

Therefore, we get that 

||FtT^/™-5t/||2 = m\l 

OO OO 

< Y. cl,mu - /) < mu - fwi E 

Ti=0 n=0 

< CtWUU-fWl 

where oo > C, > 0 and we have used (jl2.5l) for the two last inequalities. Thus limm^oo PUij^fm = 
Stf in Ufu). However, as P, is a contraction in Ufu) and Vrnim-^ooUfrn = / in U{u), we 
conclude that Ptf = Stf 


We now apply the previous results to all domains in (112.311 . 

First, Atp G Mp (resp. ip G Mr) , since from (IIP.ID (resp. (jl0.3l) b we have for large n and e > 0, 
\\Vn\\. = 0{eU (resp. ||V„|U = 0(e'^'^-)), we deduce, from the density argument presented 
in 112.2.21 with L = L^(i/), the convergence in of the spectral operator for the domain 

U D^(L^(z^)) and thus (jl.20l) of Theoreir l 1.11 l!fTa|l for those. If, furthermore, 

V’ G A/'afm, see (jl.34l) for the definition, the Hilbert sequence approach developed in 112.2.1] can 
be used as in this case Span(Vn) = L^(i^), see Theorem II.22l!f3]l . We continue with ip G Ma and 
hence the domains v!l°‘ (L^(^^)) from (|12.3p . Note that for any / G L^(l7.^), 
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= max ^iy{x),e 

Vni' = Wn, n> 0, 

l(/,Vn). 


x>0,7>a + l, the Cauchy-Schwarz inequality yields that with 



Wr, 


= O , 


where, for large n, we have used the estimate (j9.4l) with a > | and any e > 0. Moreover as 
plainly y{^+i) ^ probability measure on 1R+ with e^^Vy(x)dx < oo for some e > 0, 

we have that it is moment determinate and thus the set of polynomials is dense in L^(I7^), 
see [I]. Hence Ran(X(j(,)|| ||_ = L^(l7-y). By resorting again to the density argument outlined 
in I12.2.2] with L = L^(l7^) C L^(z/) or L = L^(i/) and using in this latter case the estimate 
(j9.5p . we get that Pt = St thus (11.201) of Theorem 11.11 IfTall for the domains (L'^(T'P) and 
with = -lnsin(|a) = max (T,rc> 1 + see Theorem[9T]|2bl). 

Note that often Tn-a,pa > which makes the two different domains valuable. 


Finally, by a similar token, for any ip E A/e^ and / E L^(pq,), Pq(x) = x “, x > 0, a E (0,1), 
using the estimate (|9.2p . we get, for any e > 0, that 


\{f 1 



This combined with the fact that Ran(X^)|| || = L^(po), see Lemma [8. 161 (l2|), and L^(Pa) C 

L^(;z), thanks to Lemma r5.22l being applicable with n = k = 0, d = a, yield the validity of (11.201) 
of Theoren ll. 11 IfTaP for the domain DjT'^ (L^(pa )) and hence we have established the whole of 
Theorem ll.lipiap . Theorem ll.llljlbp is a direct consequence of pi2.4l) and (112.21) . Theorem 


Msm also follows the same way noting that when r = oo, (112.21) gives that 
O (e'^"), for all e > 0. Theorem II. llljldp is then trivial. 


rL^\x) 


12.3. Heat kernel expansion. This part is devoted to the proof of Theorem ll.lll|3p . To this 
end, we assume that pj E A/e and recall, from Theorem ll.hlfip that, in this case, r = oo, and, 
from Theorem II. 9I|3^ . that Mr C Mq. Moreover, we set 

T = Te^ = - In sin 0^ if V' G ACe or T = Ta A if ip e Mr, 


where we recall that = — ln(2“ — 1) with where for any ^p E Mr we have defined a. = 
sup {0<Q;<l;3m>^ — 1 and ^p E A/o^m}- With this notation, we introduce the linear op¬ 
erator St defined formally, for any t > T, by 


/‘OO / ^ 

Stf{x)= fiy){J2' 
■^0 Vn=0 


e '^^Vn{x)wn{y) ]dy= f{y)St6y{x). 


Our ultimate aim is to show that Stf = Ptf for functions / with compact support in order 
to obtain the expression of the heat kernel. To do so we first recall the pointwise bounds for 
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I^n(y)l) which depend solely on the analyticity of that were stated in ProDosition ll0.6H10.17p . 
It says that if z/ E ^(0) then for any t > T©, y > 0, and n > 1, 

( 12 . 6 ) \wn{y)\ < F{y,t)e^'^, 

where the function {y,t) i—)• F{y,t) is locally uniformly bounded on M_|_ x {Tq^,oo). The next 
result shows that for / E Cc(M+), we have that Stf = Stf for all t big enough. 

Proposition 12.2. Let v E .4(0) then for \z\ < with T© = — Insin 0, we have that, for 

any f E Cc(M+), 

OO 

Stf{x) = Stf{x) = ^e-"*(/,V„),P„(a;), 

n=0 

where the series converges locally uniformly in {t,x) on (r©,oo) x 1R+. Finally, Stf E L^(z^) 
for t>Te. 


Proof. We show that for any / E Cc(M+), we have, for t > T©, Stf 
K = Supp/ C (0,oo). Then, since r = oo, from (jl2.2p . which gives that 


(x) = Stf{x). Let 
vL^\x) =0(e^"). 


for all e > 0, and (|12.6I) we deduce that for any t > t^ > Tq, with to fixed, and any e E (0, t — to) 

OO n QQ OO p 

/ \fiy)\\wn{y)\dy\Vn{x)\ < supC'(y,to) \f{y)\dy\Vn{x)\ 

^ Jo y&K ^ Jk 


< 


72=0 

OO 


-n(t-to) 


\Fnix)\ 


(12.7) 


< < oo. 


72=0 


Then an application of Fubini’s theorem yields, that for any / E Cc(M+) and t > T©, 

pQQ POO 

Stf{x) = / f{y) V e~^^Vn{x)wn{y)dy = V e~'^^Vn{x) / f{y)wn{y)dy = Stf{x). 

Jo n=0 n=0 Jo 

Finally, Stf E L^(z/), for t > T©, follows from (Pn)„>o being a Bessel sequence and (e (/, E 

t'^(N) which in turn is a consequence of the first computation in (112.7p . □ 


From the proof of Theorem ll.lltfTp we have that Ptf = Stf for the domain Vj, ‘^(L^(pq,)) 

—>i> _ 

that is for all / E L^(pq), t > Te^, when E A/©. However, as in the proof of Lemma [9l6l 
u £ A and therefore from Proposition 112.21 we have that Stf = Stf, for t > T©^ and 
/ E Cc(M+). As Cc(M+) C L^(pq,) we conclude that the semi-group is absolutely continuous 
with density Pt{x,y) = Yl^=o^~^^"Pn{x)wn{y), for t > T©^, {x,y) E M’*'x M+. Then the 

expression (ll.25p . that is -^P^^’'^\x,y) = '^n\x)wn\y) follows from (112.21) 


with r = oo, which gives that Vn\x) 
(jlO.171) which yields \wn\y)\ < Fq{y,t)e 


= O (e*^”), for all e > 0, and an easy extension of 

, t > Ta, where Fg has the same properties of F. For 
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the final part of the proof of Theorem Il.lll!l3|l assume that v ^ A (f). Therefore, Proposition 
112.21 gives that Stf = Stf € L^(z^), for all t > 0 and / G Cc(M+). We prove the following result 
which relates S to the semigroup P. 

Proposition 12.3. Assume that Stf = Stf G for all t > 0, f ^ Cc(M+) and that, for 

t > to{f), Ptf = Stf. Then Ptf = Stf = Stf, for all t > 0. 


Proof. Fix a > 0, write, for any M G N, S^ f = e"”* (/> Vn and S^^ f = Stf-S^f. 

Let now / G Cc(M_|_) and note that with any t > 0, M G N, 

\\PtSaf - Sa+tf\\u <\\PtS^ f - S^^tf\\^ + \\S^^tf\\^ + \\PtS^ f\\. = \\S^^tf\\u + m^ 


since 


PtS^f 


M M 

n=0 n=0 


qM 

^a+t 


/• 


Now, as Pt G B(L2(e),L2(z/)), we get that \\PtSaf - Sa+tf\\v < \\SYf\\y + \\S^f\\y Letting 
M —>■ oo and using the fact that Saf,Sa+tf £ L^(i/) we conclude that PtSaf = Sa+tf, for 
all f > 0. Therefore, from the assumptions, for t + a > to(/) we have that Sa+tf = Pa+tf 
and thus PtPaf = PtSaf and hence Paf — Saf G Ker(Pi). However, if we conclude that 
Paf — Saf G T>{Gy), the domain of the infinitesimal generator (in \A{v)) Gp of P, then 
a classical result of strongly continuous semigroups yields Paf = Saf- Choose furthermore 
/ G C(N(M+). Then, since the gL processes are Feller processes, see Definition 11.11 we know 
that / G D(G) C Co(K+), where G is the generator of the Feller semigroup of the gL process, 
as a semigroup in Co(M_|_). However, from (II. 6p and / G C“(M+) it can be easily seen that 
||G/||oo < oo and hence / G P (G^) C L^(z^), where V (G^/) is the domain of the extension of 
G to Gi/. Therefore, Paf G 'D(Gu) C L^(i/). It remains to show that Saf G V{Gi,). Clearly, 


lim 

t->-o 


PtSaf - Saf 

t 


Sa+tf -Saf 

lim- 

t —>^0 t 



- e-^^) 
t 


{f,Vn),Vn 


and we can take the limit under the sum to verify that Saf G P(Gi/) C L^(i/) thanks to 
(Vn)n>o ^ Bessel sequence and w \ I -- - c f ^ j 2 


Thus, Saf = Paf for / G C° 


). For, / G Cc 


if^Pnlu] £ ^ W since Saf G L^(zy). 

/ n>0 

) we can approximate. □ 


We can now conclude the claim of Theorem ll.lllpll . Indeed, from Proposition 112.21 S^f = 
Stf, t > 0, for any / G Cc(M+), since G .4 (|). However, since when G A/e and {tlt,t,f) G 
Vt, for t > Te^, we have that Ptf = Stf. Thus, ProDosition ll2.3l implies that Ptf = Stf = Stf, 
for all t > 0, and the kernel expansion follows immediately. Besides, when tit G A/p then 
G .4. see Lemma I9.6I Lemma 1 12.4 1 gives the second such condition in item ([3]). 


12.3.1. Laguerre type expansions of the invariant density. 
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In 


Lemma 12.4. Let ijj G M\Mp. Then, writing R^j, = — lim 

parabolic 

In particular, if = oo, then u ^ A [^) ■ 


[kJ r(k+i) \ r J 


_2 _2 

have that v is holomorphic in the parabolic domain C-p_ = {z = a + ib G C; 6^ < AR^{a + R^)}. 


2^/n 

u2 


we 


Proof. We first prove that when = 0 then ^ G L^(M+) and hence | G L^(e). The fact that 
^ is integrable on (0,1) is clear from Theorem 15.221 applied with n = fc = 0 and a G (0,1). For 
the interval (l,oo) we use Theorem l5.5H5.7jl . that is ^{x) ~ ■^^^ip'{x)e~ , Since cr^ = 

0 then Proposition ll.lllHji gives that cl){x) = o (x), 4>'{x) = o (1) and thus lim 2 ;^oo x~^(p{x) = oo. 
Then, for x > 1 with some constant C > 0 

z^^(x) < Cip'{x)e~‘^< Cip'{x)e~el^x). 

Hence the integrability on (l,oo) of ^ follows easily. Thus, in L^(e), 



Next, observe that, for any n > 0, 


where we have used the linearity of the Markov operator and the expression ()2.20p of its 
moments. The statement regarding the analyticity of v follows from [86] and the last claim 
follows readily. □ 


12.4. Expansion of the adjoint semigroup: Proof of Theorem 11.171 Let if G Me, from 
(|1.25p and the duality property, we have, for any t > Te = — In sin (0), that 

OO 

Ptiv^x) = '^e~'^Mn{y)Vn{x)n{x) 

n=0 

where the convergence is locally uniform on M+ x M+. Next, note that for any g G L^(i/), an 
application of the Cauchy-Schwarz inequality yields, for any n G N, 


(12.8) |(M,l^n|)J<||<7ll.||K||.<||<7||., 

where HPnlli^ < 1 from p7.10p . This combined with bound (112.6p allows an application of 
Fubini’s theorem to get, for any t > Te, that 


(12.9) 


poo ^ ^ 

Ptdiy) = / 9{x) V e~'^Mn{y)'Pn{x)i^{x)dx = V {g,Vn) 

■lo n=0 n=0 


■ ^ 


(y)> 


where the series converges uniformly on R+ and completes the proof of item ([T|). For item 
([2|), as if G Mp C Me with 0 < m = ) < oo, from Theorem llO.llfTp . we have that 

(\/Cn(lll)Vn)n>o is a Bessel sequence, where Cri(m) = = 0(n“—). Hence, with 
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(jl2.8p . we have that (y/cn (m) {9-,'Pn)^ £ (N) for all g G L^(i/). Therefore, from 

the synthesis operator S : (cn)n>o ^ ‘5((c„)) = Cn ^\/ Cn(l[!;)Vn^ associated to the Bessel 

sequence (\/Cn(ni)Vn)n> 0 ) see (11.311) . we get that the expansion (|12.9p converges in L^(i^) and 
coincides with P^*g, for all t > 0 . 


12.5. Proof of of Theorem ll.181 Rate of convergence to equilibrium. Let first V' £ AA. 
Then, note that for any / G Ran(X 0 ), writing / = Z^f, f G L^(e), we have from the factorization 
(jT.lSp . that for any a: > 0 , 


i^f = 1^14 = V^Z^f(l) = Tf(l) =£f = Z^£f(x), 


where the last identity follows from the facts that ef is a constant and is a Markov operator. 
Hence, assuming in addition that / is not a constant, we have, for any t > 0, 




< 


_o llf-efll? 




\\\Z^\\?\m-e‘i 


where we have used successively the intertwining relationship (lll.3p . the fact that G 
B(L2(e),L2 {v)) is a contraction, see (I7.22p . and the exponential decay of the Laguerre semi¬ 
group, see [31 Chap. 4]. Moreover since \\f — yfWy < |||X(^||p||f — ef||^, we get the inequality 
lll^<^lll^ proof of item ([I]). We proceed with item ([2]). Next, for any 

G Vt such that there exists, for any n > 0, 14 G L, | {f,Vn)^ \ < ||/||l||14||l with ||14||l 
O (n“e"’^), we have, for any t > T > 0, writing Cn,t{f) = {Ptf,Pn)u for n > 1 and co,t(/) = 0, 
and k = [2a], 




< 


J2{Ptf,Vn),Pni^ 


n=l 

oo 


n=l 


= \\s{cnAfm: 

oo 

< ^ I (Ft/, V4, p = {f,Vn), p = E (f - 

n=l n=l 

oo oo 

/ - ^/IIl E < ClWJ - 

n=l 


n=l 


g2(t T) — 2 


where Cl > 0 and we used the synthesis operator associated to the Bessel sequence {Pn)n>o, see 
(ll.3ip . When tp G Mr note from (|1U.13I) that | |14l |l < , k = 0 and we conclude the proof 

of Theorem ll.lHl!^ . The first inequality of Theorem ll.l8l|3p follows similarly from (|lU.14p with 

Cl = Cp^^, for any t > e > 0 and any e > 0. Finally, let ip G Mr with n(0''“) < oo and from. 

Le mm a [10.41 recall that m = ^ where — e > 0, for some 

e > 0. Then, from Lemma 110.21 and when —d^f, > 0, Lemma 110.41 we have that both sequences 
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Vr, 


, ^ I and (i/c„(m)V„)n>o, where c„(m) = \ are Bessel sequences in L^(i^) 

with bound 1. Next, observe that since ^^ ^ cn(de )ci(m) _ 


n n-2 2t ( n+m-j \ 
3=0 ^ \n+de-j J 


( 12 . 10 ) 


e ^^*Cn(d+)ci(m) 

sup-r^TT—-< 1 

n>i Ci(dr)c„(m) 


-2t / iii 


m + 2 


de + 2 


< 1 , 


which holds if and only if t > ^ In Hence, for any / E L^(z^) and t > = 

i (S^) ’ we have 

CXD ^ ^ 

\\Ptf-vf\\l = ||5t/-i./||2 = ||5(c„,t(/))||2 

Vyi l^nij \ 
n=l — 


= e 


E 

n=l 


Cn(in) 


f, Vcn(m)V^ 


,-2t. 


e “''Ci(d+)^e ^^*Cn(d+)ci(m) 
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ci(m) ^ ci(d^)cn(lti) 

OO 

'^\(f -I'f^V^^niriOVr. 


m + 1 _2f 

~ -e 


f - Vcn(m)V„ 


dr + 1 


n=l 




“ dr+ 1 

where we used, for the third equality, the biorthogonality of the sequences {Vn)n>o and (Vn)n>o 
and the fact that Vq = 1, the equivalence (|12.10l) for the second inequality and the synthesis 
operator associated to the Bessel sequence (y/Cn (l]l)Vn)n>o to obtain the last bound. This 
proves (I1.28P for t > T^. Finally, since for any t < Tm, ^ d++i > 1 as m > dr, 

invoking that Pt is contractive, we complete the proof of this statement and hence of Theorem 
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